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PREFACE

There is a famous set of fairy tale books, each volume of which is designated by the colour
of its cover: The Red Book, The Blue Book, The Yellow Book, etc. We are not presenting you
with The Green Book of fairy stories, but rather a book of mathematical problems. However,
the conceptual idea of all fairy stories, that of mystery, search, and discovery is also found in
our Green Book. [t got its title simply because in its infancy it was contained and grew between
two ordinary green file covers,

The book contains 100 problems for undergraduate students training for mathematics
competitions, particularly the William Lowell Putnam Mathematical Competition. Along with
the problems come useful hints, and in the end (just like in the fairy tales) the solutions to the
problems. Although the book is written especially for students training for competitions, it
will also be useful to anyone interested in the posing and solving of challenging mathematical
problems at the undergraduate level.

Many of the problems were suggested by ideas originating in articles and problems
in mathematical journals such as Crux Mathematicorum, Mathematics Magazine, and the
American Mathematical Monthly, as well as problems from the Putnam competition itself.
Where possible, acknowledgement to known sources is given at the end of the book,

We would, of course, be interested in your reaction to The Green Book, and invite
comments, alternate solutions, and even corrections. We make no claims that our solutions are
the **best possible’” solutions, but we trust you will find them elegant enough, and that The Green
Book will be a practical tool in the training of young competitors.

We wish to thank our publisher, Integer Press; our literary adviser; and our typist,
David Conibear, for their invaluable assistance in this project.

Kenneth Hardy and Kenneth S, Williams
Ottawa, Canada
May, 1985
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| Dedicated to the contestants of the
William Lowell Putnam Mathematical Competition
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To Carole with love
KSW
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NOTATION

denotes the greatest integer < x, where
x is a real number.

denotes the fractional part of the real
number x, that is, {x)}) = x - [x].

denotes the natural logarithm of x.
denotes the exponential function of x.

denotes Euler's totient function defined
for any natural number n.

denotes the greatest common divisor of
the integers a and b.

denotes the binomial coefficient n!/k!{n-k}!,
where n and k are non-negative integers
(the symbol having value zero when n < k ).

denotes a matrix with a,; as the (i,j)th
entry. J

denotes the determinant of a square matrix A,






THE PROBLEMS

Problems, problems,
problems all day long.
Will my problems work out right or wrong?

The Everly Brothers
1. 1f {bn: n=20,l,2,... } is a sequence of non-negative real
numbers, prove that the series
o0 bn
n=0 (a*i-bo'ﬁ)l'?-. . ."{"bn)

converges for every positive real number a.

2., Let a,b,c,d be positive real numbers, and let

a(a+b) (a+2b)...{a+(n-1)b)
c(ctd) (c+2d) ... (c+(n=1)d) °

Qn(a,b,c,d) =

Evaluate the limit L = lim Q (a,b,c,d).
g 0

3, Prove the following inequality:

(3.0) In x < % (x+1) L x>0, x = 1.

33“1 (x3+x)



2 PROBLEMS (4-12)

l}, Do there exist non-constant polynomials p(z) in the complex
variable z such that !p(z)] <R" on |z| = R, where R > 0 and

p(z) is monic and of degree n ?

5. Let £(x) be a continuous function on [0,a], where a > 0,

such that f£(x) + f(a-x) does not vanish on [0,a] . Evaluate the

2 £(x)
J HOEHC
0

integral

f, For € > 0 evaluate the limit

x+1
1lim xl € J sin(t”)dt .

X X
7. Prove that the equation
2
(7.0) x4 + y4 + 2" - 2y zz - 222x2 - 2x2y2 = 24

has no solution in integers x,v,z.

8, Let a and k be positive numbers such that az > 2k.

Set Xg = 2 and define X recursively by
(8.0) x 8K E n=1,2,3
L] n n.—.l x , ’ , ’OII .
n-1
Prove that
X

lim
n-)-m—i?h:

exists and determine its value.



PROBLEMS (4-12)

Q, Let Xq
b be positive numbers satisfying
b o< a< ok,
Define X recursively by
axnml + b
(9.0) X = e o o= 1,2,3,...

n X + a
n-1

Prove that lim x exists and determine its value.
n-io—oo

10, Let a,b,c be real numbers satisfying
a>0,c>0, b2 > ac .

Evaluate

max (ax2 + 2bxy + cyz) “
X,y €ER

xﬁ-{wyi nl

11. Evaluate the sum

[n/2] _ “l e -
(11.0) s = 2 n{n=-1)...(n=(2r-1)) J0 2r
2
=0 (r!)
for n a positive integer.
12, Prove that for m = 0,1,2,...
(12.0) Sm(n) = 12m+1 + 22m’f’1 ...+ n2m+l

is a2 polynomial in nf{n+l).

denote a fixed non-negative number, and let a and



4 PROBLEMS (13-21)

13, Let a,b,c be positive integers such that
GCD(a,b) = GCD(b,c) = GCD(c,a) = 1 .
Show that £ = 2abc - (bct+catab) is the largest integer such that
bcx +cay+abz=1£

is insolvable in non-negative integers x,y,2.

14, Determine a function f£(n) such that the nth term of the

sequence
(14.0) 1,2, 2,3, 3,3, 4, b, &, 4,5, ...

is given by [f(n)].

15, Llet a,, a., ..., a be given real numbers, which are not all
1 2 n g
zero., Determine the least value of

2 2

X, Pt oo+ X% R
n

1

where X;s +-v, X are real numbers satisfying

a.%x, *+ .. t+tax =1,
1 n

1 n

16, Evaluate the infinite series

23 3 3

3 4
551 "‘i"‘i"““"ﬁ"‘i‘“ §'i"+coc ]

1/, F(x) is a differentiable function such that F'(a-x) = F'(x)

for all x satisfying 0 S x § a. Evaluate fa F(x)dx and give an

example of such a function F(x). 0



PROBLEMS (13-21) J

18, (a) Let r,s,t,u be the roots of the quartic equation

XA + Ax3 + Bx2 +Cx+D=20.

Prove that 1f rs = tu then AZD = C2 .

(b) Let a,b,c,d be the roots of the quartic equation
y4 + pyz +qy +r =0 .

Use (a) to determine the cubic equation (in terms of p,q,r) whose

roots are

ab - cd ac - bd ad -~ be
a+b=-c-d®' a+ece~b-~-d?’ a+d=-b-c¢"’

18, Let p(x) be a monic polynomial of degree m 2 1 , and set
fn(x) = ep(x)Dn(e”P(X)) y

where n 1is a non-negative integer and D = é% denotes differentia-
tion with respect to x.

Prove that fn(x) is a polynomial in x of degree (mm - n).
Determine the ratio of the coefficient of x ° © in fn(x) to the

constant term in fn(x) .

?0, Determine the real function of x whose power series is

x3 xg xls
'3""?“"‘"‘9”?”4’?5?"' .. .

21, Determine the value of the integral
" si
(21.0) I - J [w ix |
n o | sin X

for all positive integral values of =n .



6 PROBLEMS (22-31)

27, During the year 1985, a convenience store, which was open
7 days a week, sold at least one book each day, and a total of 600
books over the entire year. Must there have been a period of consec—

utive days when exactly 129 books were sold?

23, Find a polynomial f(x,y) with rational coefficients such
that as m and n run through all positive integral values, f(m,n)

takes on all positive integral values once and once only.

2ll, Let m be a positive squarefree integer. Let R,S be
positive integers. Give a condition involving R,S,m which guaran-

tees that there do not exist rational numbers x,y,z and w such that

(24.0) R+ 25V = x4yl + (z+ wi? .

25, Let k and h be integers with 1 $ k < h . Evaluate the

limit
hn r
(25.0) L = 1lim II l =~ E‘]

n - rekntl

76, Let £(x) be a continuous function on [0,a] such that
f(x)f(a~x) = 1 , where a > 0 . Prove that there exist infinitely

many such functions £(x) , and evaluate

r...__.sl.?s_.w .
01 + £(x)

2/. The positive numbers 2,,a,,a satisfy

3,."'

n 3 n 2
(27.0) Z a, = ( Z ar] , n=1,2,3,... .
r=] r=]

Is it true that a =71 for r=1,2,3,... 7



PROBLEMS (22-31) 7

78, Let p > 0 be a real number and let n be a non-negative

integer. Evaluate

(28.0) u (p) = fme“szin“xdx :
n 0

729, Evaluate

n~-2 r
(29.0) ] 2 tan
=0 2

n-r °’

for integers n 2 2 .

2), Let n = 2 be an integer. A selection {s = a: i=1,2,...,k}
of k (2 €k sn) elements from the set N = {1,2,3,...,n} such that
ay <ay < ... <3y is called a k-selection. For any k-selection 5 ,
define

a2t 1= L2 kel

W(S) = min {a
If a k-selection § is chosen at random from N , what is the prob-
ability that
W(s) =r ,

where r 1is a natural number?

31, Let k =2 2 be a fixed integer. For n = 1,2,3,... define

a = 1, 1if n is not a multiple of k ,
n -(k-1) , if n is a multiple of k .
@ g
n
Evaluate the series z -
n=]



8 PROBLEMS (3240)

32, Prove that

m =X m!
r”x e sinxdx = ——m— sin (ml)7/4
)0 2(m-i-Z),/Q!

for m=0,1,2,... .
33, For a real number u set
T 2
(33.0) I(u) = Lln(l - 2ucosx + u") dx

Prove that
I(w) = I(-u) = 31D ,

and hence evaluate I(u) for all values of u .

3l}, For each natural number k > 2 the set of natural numbers
is partitioned into a sequence of sets {An(k): n=1,2,3,... } as
follows: Al(k) consists of the first k natural numbers, Az(k)
- consists of the next k+l natural numbers, A3(k) consists of the
next k+2 natural numbers, etc. The sum of the natural numbers in
Ah(k) is denoted by 3$n(k)2' Determine the least value of u = n(k)
such that sn(k) >3k - 5k, for k=2,3,... .

25, Let {pn: n=1,2,3,... } be a sequence of real numbers
such that P, 21 for n=1,2,3,... . Does the series
o (p J-1

(35.0) L T, TG, 7 (G, 77D

converge’

%6, Let f(x) , g(x) be polynomials with real coefficients of
degrees mwtl , n respectively, where n 2 0 , and with positive



PROBLEMS (32-40) 9

leading coefficients A , B respectively. Evaluate

2

X
L= lim g(x)[ ef(t)wf(x)dt
X > 0

in terms of A, B and n .

3/, The lengths of two altitudes of a triangle are h and k ,
where h 2 k . Determine upper and lower bounds for the length

of the third altitude in terms of h and k .

38, Prove that

. cr 0 - (_wan+ll(_lmxn+2) . (l_xn—M.')

n,X n,r (lﬁx)(lmxz)...(1~xr)

is a polynomial in x of degree nr , where n and r are non-
negative integers. (When r = 0 the empty product is understood
to be 1 and we have Pn 0" 1 forall nz0.)

Y

39, Llet A, B, C, D, E be integers such that B z 0 and

F = ADZ - BCD + B%E 2 0 .

Prove that the number N of pairs of integers (x,y) such that

2

(39.0) A" + Bxy + Cx + Dy + E =0 ,

gsatisfies
N < 2d(]F]) ,

where, for integers n 2 1 , d(n) denotes the number of positive
divisors of n .
n k

4, Evaluate .
kzl k4 + k2 + 1




10 PROBLEMS (41-50)

4], Let P =P (n) denote the sum of all possible products of
m different integers chosen from the set {1,2,...,n} . Find

formulae for Pz(n) and P3(n) .

42, For a>b>0 , evaluate the integral

00
ax bx

e - e
(42.0) - - dx
0 x(e +1)(e "+1)

[j3, For integers n 2 1 , determine the sum of n terms of the

series

2n 2n(2n-2) 20(2n~2) (2n-4)
43.0 3T * Gal) -3y T D) (2003) () T

O}, Let m be a fixed positive integer and let z z

EXIRERRE N
be k (z1) complex numbers such that

(44.0) z? + zg e+ 2020 ,

for all s = m,mtl,m+2,...,mk~l. Must 2z, =0 for i = 1,2,...,k?

i

45, Let An = (a,,) be the n*n matrix where

ij
x, if i=3,
ag =l if |i-3] = 1,
0, otherwise,

where x > 2 . Evaluate Dn = det An .

5, Determine a necessary and sufficient condition for the equa-

tions



PROBLEMS (41-50) 11

X + v + 2

(46.0) xz + y2 + zz B,

x3 + y3 + z3 =

#
=

i

to have a solution with at least one of x,y,z equal to zero.

47, Let S be a set of k distinct integers chosen from

1,2,3,...,10n~1 , where n 1is a positive integer. Prove that if

k
(47.0) n < ﬂn[(zlgl) + (kgl)}//ﬁn 10,

it is possible to find 2 disjoint subsets of S whose members

have the same sum.

U8, Let n be a positive integer. Is it possible for 6n
distinct straight lines in the Euclidean plane to be situated so as
to have at least 6n2-3n points where exactly three of these lines
intersect and at least 6n+l points where exactly two of these

lines intersect?

49, Let S be a set with n (21) elements. Determine an
explicit formula for the number A{(n) of subsets of § whose card~

inality is a multiple of 3 .

N), For each integer n 2 1 , prove that there is a polynomial

pn(x) with integral coefficients such that
P (1-0)4P - (l+x2)pn(x) ASILT

Define the rational number a by

(50.0) a = mmm""““m[ p.(x)dx, n=1,2,... .
n 4n—l 0 n



12 PROBLEMS (51-57)

Prove that a satisfies the inequality

1
-—'—H-" nml,z’-vo
4Sn 1

n-al <

51, 1In last year's boxing contest, each of the 23 boxers from
the blue team fought exactly one of the 23 boxers from the green
team, in accordance with the contest regulation that opponents may
only fight if the absolute difference of their weights is less than
one kilogram.

Assuming that this year the members of both teams remain the same
as last year and that their weights are unchanged, show that the
contest regulation is satisfied if the lightest member of the blue
team fights the lightest member of the green team, the next lightest
member of the blue team fights the next lightest member of the green

team, and s0 on.

52. Let S be the set of all composite positive odd integers
less than 79 .,

(a) Show that § may be written as the union of three (not
necessarily disjoint) arithmetic progressions.
(b) Show that § cannot be written as the union of two arith-

metic progressions.

53, For b > 0 , prove that

by first showing that

b . b
[%dx = rﬂ Le_uxsinxdx du
o * 0



PROBLEMS (51-57) ' 13

N, et a,,2,,.-+,8,, be A4 natural numbers such that

0 <a, <a, < .,. < a

1 2 <125,

44

Prove that at least one of the 43 differences d. = aj+1~aj occurs
at least 10 times. '

65, Show that for every natural number n there exists a prime
2

p such that p = a" + b2 , where a and b are natural numbers
both greater than n . (You may appeal to the following two theorems:
(A) If p is a prime of the form 4t+]1 then there exist integers

a and b such that p = a2 + b2 .

(B) If r and s are natural numbers such that GCD(r,s) =

i
[a—y
-

there exist infinitely many primes of the form rk+s , where %k 1is a

natural number.)

56, Let 3,585,458 be 1 (21) integers such that

(1) 0 < ay < 3, € ve. € a

(2) all the differences a, - aj (1 £j <is<n) are distinct,

(3) a Za (mdb) (1 <£isg<n),where a and b are positive
integers such that 1 € a § b-1 .

Prove that
n
7 a > 2
r 6
r=]

3‘+ (a - %0 n .

b/, Let A = (aij) be the nXxn matrix where

2cost , if 1=3,
a,, = 1, if |i-3l =1,

0 s, oOtherwise ,

where -m <t <7 . Evaluate Dn det An .



14 PROBLEMS (58-66)

58, Llet a and b be fixed positive integers. Find the general

golution of the recurrence relation

-x +a I bax_, n=0,1,2,... ,

(58.0) X 41

where X, =0 .

K0, lLet a be a fixed real number satisfying 0 < a < 1 , and set

a
i l ~ rcosu
(59.0) L= J I - Jrcosu + c2 &

Prove that

Il y lim Ir , lim I
c+1* r—+1-

all exist and are all distinct.

&), Let I denote the class of all isosceles triangles. For

Ael , let ha denote the length of each of the two equal altitudes
of A and kA the length of the third altitude. Prove that there
does not exist a function £ of hA such that

kA < f(hA) ,
for all AeI .

6], Find the minimum value of the expression

o}
2 k)

(61.0) (x + 750 -
<~

W + (3+2cost+2s8int) ,

2((1+cos t)x +

for x>0 and 0 <t £ 27, where k >-% + /27 1is a fixed real

number.



PROBLEMS (58-66) 15

62, Let € >0 . Around every point in the xy~plane with integral
co~ordinates draw a circle of radius € . Prove that every straight

line through the origin must intersect an infinity of these circles.

B3, Let n be a positive integer. For k = 0,1,2,...,2n-2

define

K
(63.0) I = | = 4x
k [jx2n+xn+l

Prove that I =2 Inw

X k=0,1,2,...,2n-2 .

1 : ]
64, Let D be the region in Euclidean n-space consisting of all
n-tuples (xl,xz,...,xn) satigfying

X, 20 , X, 20 4, e, X 20 , Xy + X, + ... + x S 1.

Evaluate the multiple integral

(64.0) klxkz xknl (1~%. =% =, ..~X )kn+ldx dx
. IR I ARTE Xy X goeedx
D

where kl""’kn+1 are positive integers,

65, Evaluate the limit

L= lin ~ %1 [%é?] - 2[5%] .

n-r o n ke

A, Let p and gq be distinct primes. Let $ be the sequence

consisting of the members of the set

{pmqn: myn = 0,1,2,... }

arranged in increasing order. For any pair (a,b) of non-negative



16 PROBLEMS (67-74)

integers, give an explicit expression involving a, b, p and q for

the position of paqb in the sequence § .

67. Let p denote an odd prime and let Zp denote the finite
field consisting of the p elements 0,1,2,...,p-1 . For a an
element of Zp , determine the number N(a) of 2x2 matrices X ,
with entries from Zp , such that

(67.0) X2 = A, where A= a 0 .
0 a

R, Let n be a non-negative integer and let £f(x) be the
unique differentiable function defined for all real x by

(68.0) )™ L) -x=0 .
Evaluate the integral

x

f f(e) dt ,

0

for x20 .

69, Let f(n) denote the number of zeros in the usual decimal

representation of the positive integer n , so that for example,

£(1009) = 2 . For a> 0 and N a positive integer, evaluate the
limit
L = lim M

N
nN ?

N+ w
where

N
s(N) = ) ot
=]



PROBLEMS (67-74) 17

/0, Let n 22 be an integer and let k be an integer with
2<k<n. Evaluate

M = max [ min (a

"’ai) »
8 “lsigk-l

i+l

where S runs over all selections § = {al,az,...,ak} from

{1,2,...,n} such that a, < 2y < .vv <3 .

1 k

71, Let -azz + bz + ¢ be a polynomial with complex coefficients
such that a and b are nonzero. Prove that the zeros of this
polynomial lie in the region

C

——

b

L]

b
(71.0) |z| < ‘a‘ +

/7. Determine a monic polynomial £(x) with integral coefficients
such that £(x) £ 0 (mod p) is solvable for every prime p but

f(x) = 0 is not solvable with x an integer.

73, let n be a fixed positive integer. Determine

M= max I x -xj] .
0551 1€i<jsn
k=1,2,...,n

4, Let {xi: i=1,2,...,n} and {yi: i=1,2,...,n} be two
sequences of real numbers with

x 2 2 ﬂﬁnzx ]
1 =% "

How must yl,...,yn be rearranged so that the sum
° 2

(74.0) ) (x, =y,
i=1

is as small as possible?



13 PROBLEMS (75-84)

/5, Let p be an odd prime and let Zp denote the finite field
consisting of 0,1,2,...,p~1 . Let g be a given function on Zp
with values in ZP » Determine all functions f on Zp with values

in Zp , which satisfy the functiomal equation
(75.0) f(x) + £(x+l) = g(x)
for all x in Zp .

761 Evaluate the double integral

el o
(76.0) I-H—l"l—-.
ol - %

//, let a and b be integers and m an integer > 1 .

] [22] - [?-f;;b] bt [(m-;a"*'b] .

78. Let al,...,an be n (>1) distinct real numbers. Set

Evaluate

§ = ai + ...+ a2 , M= min (a, - a )2 .

1<i<isn 1 ]

Prove that

n(n-1)(n+1)
12 '

S,
M
79' Let xl,...,xn be n real numbers such that

kzllxk’ =1, kglxk =0.

Prove that
nx
(79.0) Pl sd- L
) Sk 2 2n




PROBLEMS (75-84) 19

80, Prove that the sum of two consecutive odd primes is the

product of at least three (possibly repeated) prime factors.

8], Let f(x) be an integrable function on the closed interval
[r/2,m1] and suppose that

T
J f(x) sinkxdx = {2 ’ ifkfxn-l ’
Tr/z » R » RN

Prove that |f(x)] 2 ﬂfilZ on a set of positive measure.

87, For n=0,1,2,... , let

3
(82.0) s = vVa + 3v'a + 3/an_2+ cee + Va

n n n-1 0
- bl , , \ .
where an = ol Show that lim sn exists and determine its

n“)-m
value.

83, Let f(x) be a non-negative strictly increasing function on
the interval [a,bl], where a <b . Let A(x) denote the area below

the curve y = f(x) and above the interval [a,x], where a < x < b,
so that A{a) = 0 .

Let F(x) be a function such that F(a) = 0 and
(83.0) (' = xX)f(x) < F(x") - F(x) < (x'"-x)f(x")

for all a < x <x' <b . Prove that A(x) = F(x) for a<x<gb.

QU Let a and b be two given positive numbers with a < b .
How should the number r be chosen in the interval [a,b] in order
to minimize
r - X

x

(84.0) M(r) = max

asx<h

?




20 PROBLEMS (85-%4)

85, Let {an: n=1,2,... } be a sequence of positive real

numbers with 1lim a = 0 and satisfying the condition
n->w

a-a . >8 17840 > 0. Forany € >0, let N be a positive

[+ 4]
integer such that a_ < 2¢ . Prove that L = Z (ml)kﬂak satisfies

N
the inequality k=1

N
(85.0) L- ]| ce .
- k=1

80, Determine all positive continuous functions £(x) defined
on the interval [0,7] for which
7

(86.0) f f(x) cosnxdx = (—l)n(2n+l) , n=20,1,2,3,4 .
0

87, Let P and P' be points on oppusite sides of a non-
circular ellipse E such that the tangents to E through P and
P' respectively are parallel and such that the tangents and normals
to E at P and P' determine a rectangle R of maximum area.
Determine the equation of E with respect to a rectangular coordin-
ate gystem, with origin at the centre of E and whose y-axis is

parallel to the longer side of R .
88, If four distinct points lie in the plane such that any three
of them can be covered by a disk of unit radius, prove that all four

points may be covered by a disk of unit radius.

89, Evaluate the sum

m=] n=l m" - n
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00, If n 4is a positive integer which can be expressed in the

form n = az + b2 + c2 , where a,b,c are positive integers, prove

that, for each positive integer k , n2k can be expressed in the

form A2 + 32 + C2 , where A,B,C are positive integers.

0], Let G be the group generated by a and b subject to the

3 5 _

relations aba =b~ and b 1 . Prove that G 1is abelian.

g2, Let {an: n=1,2,3,... } be a sequence of real numbers

o
satisfyf:g 0<a <1 for all n and such that Zlan diverges
while Z ai converges. Let £(x) be a function EZfinid on [0,1]
such thgzl £" (%) existsmand is bounded on {0,1]. If Z f(an)
converges, prove that zl|f(an)| also converges. n

=

G3, Let a,b,c be real numbers such that the roots of the cubic
equation

(93.0) x3 + ax2 +bx+c=0

are all real. Prove that these roots are bounded above by

(2/a2-3b - a)/3 .

Q4, Let 25 = {0,1,2,3,4} denocte the finite field with 5 ele-
ments. Let a,b,c,d be elements of 25 with a= 0 . Prove that

the number N of distinct solutions in 25 of the cubic equation

f(x) = a + bx + cxz + dx3 = 0

is given by N = 4 - R , where R denotes the rank of the matrix
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a b ¢ d
b ¢ d a
A= ¢ d a b
d a b ¢
G5, Prove that
o
(95.0) 5= ] -

ig a rational number.

g6, Prove that there does not exist a rational function £(x)
with real coefficients such that

2
(96.0) f[f;;] = p(x) ,

where p(x) 1is a non-constant polynomial with real coefficients.

9/, For n a positive integer, set

o1
s = by
k=0 [
k
Prove that
s(n) o+l nfl jgi
2n«i-l kel k

08, Let u(x) be a non-trivial solution of the differential
equation

u' +pu=20,

defined on the interval I = [1,») , where p = p(x) is continuous
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on I . Prove that u has only finitely many zeros in any interval
(a,b], Ll <ac<b.

(A zero of u(x) is apoint 2z, 1% 2 <o, with u(z) = 0).

09, Let Pj (j =0,1,2,...,0~1) be n (22) equally spaced

points on a circle of unit radius. Evaluate the sum

’

S(n) = ) ]P.Pk|2
0<j<k<n~1 J

where |PQ| denotes the distance between the points P and Q .
100, Let M be a 3x3 matrix with entries chosen at random from

the finite field 22 = {0,1} . What is the probability that M is
invertible?






THE HINTS

The little fishes of the sea,
They sent an answer back to me.

The little fishes’ answer was
“We cannot do it, Sir, because ——.”

Lewis Carroll

1, Define

a =a+by+b +...+b , 020,

and prove an inequality of the type

a —a . _ 1 1

L nlﬁc - nzl
a372 a1/2 a1/2 : ?
n n-1 n

where ¢ 18 a constant.

2, Congider five cases according as
(a) b>d,
(b) b
(¢) b<d,
(d) b
(¢) b=d and a=c .
In case (a) show that L = +® by bounding Qn(a,b,c,d) from below

n
by a multiple of (%) . In case (b) show that L = +% by estima-

d and a > ¢ ,

d and a<¢c¢,

ting Qn(a,b,c,d) from below in terms of the harmonic series.
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1
Qn(a,b,c,d) *

Cases (c) and (d) are easily treated by considering

The final case (e) is trivial.

3. A straightforward approach to this problem is to show that the

function

roy = DG

( %m) - 3fnx, x>0,
X

suggested by the inequality (3.0), is increasing.

4, Apply Rouché's theorem to the polynomials f£(z) = -2" and
g(z) = p(z) . Rouché’s theorem states that if f(z) and g(z) are
analytic within and on a simple closed contour C and satisfy
lgtz)| < |flz)| on C , where f(z) does not vanish, then f(z)
and f(z) + g(z) have the same number of zeros inside C .

5., Apply the change of variable x = a ~t to

3 £(x)
I = J £+ £(aw) &

0

0. Integrate

I = Ix+1 2t sin (tz) dt
< 2t

by parts and obtain an upper bound for |I| .

7. Consider (7.0) modulo 16.

8, By squaring (8.0), obtain the lower bound Jan+a2 for x_.
Using this bound in (8.0) obtain an upper bound for X
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9, Assume that the required limit exists, and use (9.0) to det-

ermine its value L . Again use (9.0)to estimate Ixn - L] .

10, FEither set x =cos® , y = sin® and maximize the resulting
function of © , or express ax2 + 2bxy + cy2 in the form

A(x2 + yz) ~ (Bx + Cy)2 for appropriate constants A,B,C .

11, consider the coefficient of %" in both sides of the identity

A+0% = (G+2m + x5 .
12, Express (L& + 1)) = (2 - 1g), k=1,2,3,...) asa

polynomial-in £ , then sum over £ =1, 2, ..., n to obtain

(n(n + 1))k as a linear combination of

(n), ..., 8 () .

Stk/2] k-1

Complete the argument using induction,

13, Prove that the equation
bex + cay + abz = 2abc - (be + ca + ab) + k

is solvable in non-negative integers x,y,z for every integer k 2 1.
Then show that the equation with k = 0 is insolvable in non-negative

integers X,y,z .

14, Let u be the nth term of the sequence (14.0) and show

(k-;)k+1+£’ 'e'“os l) 2’ ,,.’k""l,

and deduce that k ¢ %{1 + v8n-7) <k + 1.

that e =k for n=
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15, Use Cauchy's inequality to prove that
n n -1
2 2
) X, e [ ) a; ] ’
i=] 1=l

and choose the x, so that equality holds,

16, Express (n + 1)3 in the form
An{n -~ 1)(n ~ 2) +Bn(n ~ 1)+ Cn+D

for suitable constants A,B,C,D .
17, Integrate F'(a=x) = F'(x) twice.

18, For part (b), find the quartic equation whose roots are
a~z,b-z,¢c~2,d~2, and use part (a) to ensure that the
product of two of these roots is equal to the product of the other
two.

19, Differentiate fn(x) to obtain the difference~differential

equation

- £ -t
£ g (%) f1(x) =p'(x)f (x) .
20, Consider sinhx + sinhwx + sinh wzx, where w = %(-1 + /<3 .

7] . Show that

I -1 T sin(%n ~ D x
n n-i 0 sin x

d¢ , ne2 ,

and then use a similar idea to evaluate the integral on the right side.
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22, Let a, (i =1, 2, ..., 365) denote the number of books sold
during the period from the first day to the ith day inclusive.
Apply Dirichlet's box principle to

1y 855 evy Bgcy a1+129, a2+129, cauy a365+129 .
23, Show that a polynomial of the required type is

£(x,y) = (x +y - l)éx +y -~ 2) +x,

by showing that f(x,y) = k , where k 1is a positive integer, has a
unique solution in positive integers x and y which may be expressed
in terms of the integers r and m defined by

(r - D){(xr - 2)

r(r - 1) _lr = 1)~ 2)
> .

<k$-——T—, m=k 7

24, Consider the complex conjugate of (24.0).

75, Consider

and use the expansion
-fn(1=-x) = }§ %? , x| <1,
k=i

26, For the evaluation, set x = a -~y in the integral.

27 . Use mathematical induction to prove that a=r for all

positive integers rt .
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28, Use integration by parts to establish the recurrence relation

- n{n-1)

—_—— 2
n = hEApt Up s B2 2.

29, The series may be summed by using the identity

tanA = cotA - 2cot2A .

30, Prove that the number of k-selections $§ from N such that
W) ezr, r=1,23,..., is

[n - (k-l)(r-1)]
k

3], For each n 2 1 define integers q, and T uniquely by
n = kqn + ro 0 ¢ T < k ., Express the nth partial sum s, of
the series in terms of n and q > and determine lim s_ by appeal~

. I > w
ing to the result

lim (1 + l-+ ces +~% ~-fnm =c¢,

m > 2

where ¢ denotes Euler's constant.

32. Recognize the given integral as the imaginary part of the

o0 1)
integral xme(1 1)xdx . Evaluate the latter integral using inte-

gration by parts.

33, For the evaluation, iterate I(u) = %I(uz) to obtain

23

I{u) = 4% I(uzl) (n=1,2,3...)
2

and then let n ~+ % in the case 0 < u <1 .
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3, Determine an exact expression for s (k) and then compare

the values of skwl(k) and sk(k) with 3k® - 5k? .
Lo o] pnul

25, Show that (35.0) converges by comparison with E .

n=1 P1°* Py

36, Apply 1'Hopital's rule.

27, Relate h,k,£ to the lengths of the sides of the triangle,

and them use the triangle inequality.

38, Obtain the recurrence relation Potl,r ~ Pn+1,r~1 tXP L

and apply the principle of mathematical induction.
39, Show that Bx + D is a divisor of F .

40, The first few terms of the series are

1.1, .1
KR S )
2 . 1fr_1
21 213 74
3. L1,
a1 217 13

41, Use the identity

(1-x)(1-2x)...(l=nx) = 1 - P . x + P x2 - P x3 + e b (--l)nanrl .

1 2 3

X
&

42, For a suitable constant C , set £(x) = " +C , and
e + 1

show that for t > 0
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( ax bx t t
L N flax) 50 f('zx)dx

' ax .., bx " X
Joz’e +1) (e "+1) o JO

Y

43, Let §  denote the sum of n terms of (43.0). Calculate
the first few values of Sn , conjecture the value of Sn in general,

and prove it by mathematical induction.

4lf, Consider the polynomial whose roots are Z1sZys00 0,2 » and

use (44.0) to show that its constant term is zero.

45, Obtain a recurrence relation for Dn by expanding Dn by

its first row.
46, Express xyz in terms of A, B and C .

7, Consider the sums of the integers in subsets of S and apply

Dirichlet's box principle.

U8, Count pairs of lines in the proposed configuration.

n
U9, Show that A(n) = E [2] and evaluate this sum by considering
k=0
k=0 (mod 3)
(1+1)" + (14" + (1+w2)n , where w 1is a complex cube root of unity.

80, To prove the required inequality, replace pn(x) by

xéncl_x)an - DD
1+ x2

in (50.0), and then use the inequalities

i
Sl and x(1-%) £ ' =2
o=t = an X X) % *2;- Lo estimate Wm—vdx.
0
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51, Let Bl’BZ""’BZB (resp. Gl’GZ""’G23) be the members of
the blue (resp. green) team, ordered with respect to increasing weight.
For each r (1 $ v § 23) consider last year's opponents of

Br+l""’323 ot Gr*l""’GZB according as Br is heavier or
lighter than Gr.

62, Each member of S can be written in the form (2r+1)(2r+2s+l),
for suitable integers r 2 1 and s 2 0 . TUse this fact to construct

the three arithmetic progressions.

53, For y > 0 prove that

y( (o -ux ' b ~Xy, 61in X
J [ I e sin:cdx] du = J (1-e y)w------—-—dx
o' 0 x

and then show that

b . b .
1im J (1-e xy)mdx = J Smxdx .
X 0 ¥

y+oo 0
43
54, Consider § d. .
j=1 1

55, For any natural number n , construct a prime p of the form

n
p =4k Il (r2+q)2 - q,
r=]

where k 1is a natural number and q > n is a prime of the form

bt 4+ 3 , so that p = a2 + b2 , 0 <a<b . Then, assuming a & n ,

obtain a contradiction by considering the factor a2+q of b2 .

50, For 25 r $n obtain a lower found for ar-al in terms of

b and r by considering the differences aiwaj , 1L§j3<isr.



34 | HINTS (57-68)

57. E%aluate Dl’DZ’DB and conjecture the value of D for all
I
n . Prove your conjecture by using the recurrence relation which may

be obtained by expanding Dn by its first row.

58, Prove that

= L] 2
x =x 4 ta vb? + 4axn+1

and use this to obtain the recurrence relation

Xopl ~ 2xn +x " 2a.
59, For r >0 and r ® 1 show that
a du

1 2
I1: - @ +~§~(1-—r )Lal - 2rcosu + r?’

and evaluate the integral using the transformation t = tan u/2 .

B0, construct a class of isosceles triangles whose members have
two equal altitudes of fixed length h , while their third altitudes

are arbitrarily long.

Bl. Recognize the expression in (61.0) as the square of the dist-
ance between a point on a certain circle and a point on another plane

curve,

62, When the line L through the origin has irrational slope,
use Hurwitz's theorem to obtain an infinity of lattice points whose

distances from L are suitably small.

In 1881 Hurwitz proved the following basic result:; If b is

an irrational number then there exist infinitely many pairs of integers
(myn) withn ¢ 0 and GCD(m,n) = 1 such that



HINTS (57-68) 35

m 1
’b n v5n?

This inequality is best pessible in the sense that the result

becomes false if V5 is replaced by any larger constant.

b3, Show that I, = IZn-k—Z and use the arithmetic-geometric

mean inequality.

b4, Express the multiple integral (64.0) as a repeated integral
and use the value of &fxr(awx)sdx , where r and s are positive
integers and a is a positive real number,'successively in the re-~

peated integral.

65, Show that for a suitable integer £(n)

2 2/ f(n)
kZI{[-/E— i Z[JE] [(25+1)2] [(25+2)2] 3

and thus compute L 1in terms of well-known series.

66, paqb 1s the nth term of the sequence S , where n is the
number of pairs of integers (r,s) such that prqs < paqb , T 20,
s20.

6/, A straightforward approach is to determine explicitly all
matrices X such that X2 = A ., The form of X depends on whether

or not a 1is a square in Zp

68, Recall that if y = g(x) is differentiable with positive

derivative for x 2 0 and g(0) = 0, then

X g(x)_,
J g(t) dt + [ (t:) dt = xg(x) , x20.
0 0
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659, Evaluate 5(10™-1) exactly and use it to estimate S(N) .

n~J
70. Show that M = [*ﬁ*:i- .

7]1. Express the roots of az2 + bz + ¢ in terms of a, b and ¢

and estimate the moduli of these roots.

il

/2, Choose integers a, b and ¢ such that x2 +a 2 0 (mod p)
1 (mod 4) and p = 2 ; xz +b £ 0 (mod p)

2 +c¢ 20 (mod p) 1is solvable for

HE

is solvable for primes p
1s solvable for p £ 3 (mod 8) ; x
p =7 (mod 8) ; and set

£(x) = (x*+a) (x24b) (xP+e) .

/3, Assume without loss of gemerality that 0$x1$x25...$xn51

and show that

n
S = Z lx. - x.] = § x (2k=-n-1) .
1$i<jsn 1 =1 K

Consider those terms in the sum for whiech k 2 %(n+1) and deduce

that M = [n2/4] .

74, Show that the smallest sum (74.0) is obtained when the A

are arranged in decreasing order.

/5, Replace x by x+k (k = 0,1,2,...,p-1) in (75.0) and form

the alternating sum

p-1
T (=) Kg(xtk) .
k=0



HINTS (69-81) ' 37

76. Express the improper double integral I as a limit of proper
double integrals over appropriate subregions of the unit square and

use standard methods to show that I = ﬂ2/6 .

77. Use the identity

k~1 %
E T + e] = [ek] ,
x=(

where k 1s any positive integer and e 1is any real number.

78, Reorder the a's in ascending order and define min az = aj .
for a fixed subscript j . 1sisn
Set b, = a + (1 -1 (1=1,2,...,n) and prove that ai
| n
Deduce the required inequality from S 2 ) bi ‘
i=1

2
z by .

79, Establish and use the inequality
2 ] 1
I-E- 1 -ﬁlﬁl E,lSkﬁn.

0, Denote the nth prime by P, and show that if
bt P ka£ , for some odd prime p , then k+ £ 23,

8], Estimate the integral

L
f 50|
/2

dx

n
¥ sinkx
k=]

L on (X1
wnz 0T
except for a set of measure 0. Use (81.0) to obtain a lower bound

from above under the assumption that |f(x)]| <

and derive a contradiction.
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&, Show that s is non-decreasing and bounded above.

835, Assume that A(x) and F(x) differ at some point ¢ in (a,b]
and obtain a contradiction by partitioning [a,c] and using (83.0) on

each subinterval,

8, A direct approach recognizes M(r) as max(éw-l,l-é) and

then minimizes M(r) with an appropriate choice of r .

n
k1
8, Let s kzl(-n a, and show that [S -L| < [s _ -L| and

a = ]Sn—L| + ISn_l—L] :
80, Express (coszx + cosX + l)2 as a linear combination of

cosnx (n = 0,1,2,3,4) and consider

T ) | )
I f(x)(cos“x + cosx + 1)“dx .
0

87. Begin by determining R when the ellipse is in standard

position and then rotate the axes through an appropriate angle.

8. Recall Helly's theorem: Given n(34) convex regions in the

plane such that any three have non-empty intersection, then all n
regions have non-empty intersection.

89, Use partial fractions and the result

¥
liM[z"'ﬁ'wan] = ¢,
N+olks]
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where ¢ 1is Euler's constant, to evaluate

N1
lin | 2 2 .
N+ n=]

n#=m

90, use the identity

2

(X2+Y +22)2 = (x2+Y2"22)2 + (2xz)2 + (2yz)2 .

Q], Prove that a and b commute by using the relation aba = b3

in the form bwlab = bza"l to deduce ab4 = baa .

Q7. Start by applying the extended mean value theorem to f on
[0,a_].
n

3, Let p be the largest root of (93,0). Consider the discrim-
inant of (x3+ax2+bx+c)/(x«p) .

111§13
3
Qfj, Let B be the Vandermonde matrix given by B = i § gz 33 ,
and consider the rank of BA . 1 & 4% 43

05, Collect together terms having the same value for GCD(r,s)

oo 1
in z 2 .
r,s&l(rs)

O, Suppose that such a rational function £(x) exists and use
the decomposition of its numerator and denominator into linear factors

to obtain a contradiction.



40 HINTS (97-100)

97, Sum the identity

2 ~ - ril = ki(n-k)! ~ (k+1)!(n-k-1}! ,
(n+1) [k] n[ K ]

(n+1)!

fOf k o 0,1,2,#«-,1“."1 .

08, Assume that the set of zeros of u(x) on [a,b], 1 £a<b,
ig infinite. Deduce the existence of an accumulation point ¢ in

(a,b] with u(e) = u'(¢c) = 0, and then show that u(x) =0 on [a,b].

QQ9, Take Pj (j =0,1,2,...,n~1) to be the point exp(2wji/n)
on the unit circle Iz[ = 1 in the complex plane, and express
[Pij|2 in terms of exp(2n(k-j)i/n) .

100, Let M= (aij) (1 £4i,j £ 3) and with the usual notation
let det M = allAll + a12A12 + a13A13 . Begin by counting the number
of triples (a11'312’al3) for which det M = 0 , distinguishing two

cases according as (AII’A12’A13) = (0,0,0) or not,



THE SOLUTIONS

It seemed that the next minute
they would discover a solution.

Yet it was clear to both of them
that the end was still far, far off,

and that the hardest and most complicated
part was only just beginning,

Anton Chekhov

1, If {bn: n=0,1,2,...} 1is a sequence of non-negative real
numbers, prove that the series

o b
' n

otbyt .+bn)

(1.0) 372

n=0 (a+b

converges for every positive real number a .

Solution: For 'a > 0 we set
an = g -+ bO 4 b1 + ..+ bn y nz0 N

so that

As bn 2 0 we have, for n2 1,

a.2a>0 and a 2 a >0 .
0 n n

4]
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Now, for n 2 1 , we may deduce that

b a —a
n - n n~-1
3/2 a372
n .
1 -1
172 3/2
an A

(a+b0+b1+...+bn)

n-1 (1 1
1/2 |a a
a | n-l n

n-l (1 _1 1 1
a1[2 a1/2 a1/2, a1/2 a1/2
n | n=-1 n n~1 n
1/2 ( 1/2 ¢
n-1 1+ h-1 1 1
a172 al/Z a1/2 a1/2
n : n *n~] n

f [49

1 1
2 [“TT? 73
a a
n~1 n

Hence, for m2 1 , we have

m
bn b 1 1

m
0

s = ) s 577t 2 E -

n +b, +. 32 all? [al/z R ]

a=o (EFDgth FeLth ) 0 n=l |%n-1 %n

TN NS S
1/2 1/2
a a
0 m

2
Y T73

in

2

L2

~

+

o o
g

As the partial sums S of (1.0) are bounded, the infinite series

(1.0) converges for every a > 0.
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7., let a,b,c,d be positive real numbers, and let

a(ath) (a+2b). .. (a+(n-1)b)
c(cHd) (c+2d) ... (c+(n~1)d) °

Q,(@sb,c,d) =

Evaluate the limit L = lim Qn(a,b,c,d).

n o

Solution: Considering the five cases specified in THE HINTS, we show
that

+%, in cases (a),(b) ,
L={ 0, in cases (¢),(d) ,
1, in case ({(e) .

We set k = [ﬁ] #1, so that ¢ < kd .

(a) When b>d,as c+ 3d < (j+k)d, we have for n 2 k
a(n-1)1b"
k{k+l)...(kt(n~1)) d"

1

Q (a,b,c,d) 2
n

alk=1)1b" |
(k+n~1) (ktn-2) . ..n d°

ak-1)! (b ™
Rl I

(k-m«l)k d

which tends to infinity as n tends to infinity, showing that L =+,
(b) When b=4d and a > ¢ we have

(a + b

0=0 ¢ + b

n-1
a - c]

f
b= |

Qn(a,b,c,d) =

#
—

\1 * c + &b

n-l a~-c a-c ncl 1
> I F+b&%ﬂ> 5 £L£+k ’
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which tends to infinity as n tends to infinity since the harmonic

series diverges, showing that L =+ = ,

(¢)(d) By considering the reciprocal of Qn(a,b,c,d), we obtain from

the above results L =0 , if b<d ,orif b=d and a < c .

(e) Clearly Qn(a;b,c,d) = 1 in this case, so that L = 1.

3. Prove the following inequality:

(3.0)

Solution: For x >0 we define

DGt 4,

F(X)= 3 ]
(x"+x)
so that
4.3
Fo) = 2L g
(x"4x)

Differentiating F(x) with respect to x , we obtain

3

P = LD ) = a1 ()

(x3+x)2

?

3
X

T
(x>4x)?

3,
X
that is
x6m3x5+3x4~2x3+3x2w3x+1
(x3+x)2 '
The polynomial p(x) in the numerator on the right in (3.1) has the

(3.1) F'(x)

property that p(x) = x6p6§) , and so xﬂap(x) can be written as a

cubic polynomial in x + 1/x .
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We have 3
WM)mm§23@m§3~um§2+4y
{(x74x)

As K3—3X+4 = (Kﬁl)(X—Z)z we obtain

2,2

2 2
JORC L (R
(x"+1)

(@9? + ) (x-1)2

=

xz(x2+1)2
so that F'(x) > 0 for x > 0 , while F'(1) = 0. Thus F(x) 1is a
strictly increasing function of x for all x > 0 . Hence in partic-
ular we have
F(x) » F(1) , for x> 1,

and so

(3.2) 3 < 3 for x> 1.

3 s
Replacing x by %- in (3.2), we obtain
hx 1 (x+1)

(3.3) S X
x3*l 3 (x3+x)

, for 0<x<1.
Inequalities (3.2) and (3.3) give the required inequality.

4, Do there exist non~constant polynomials p(z) in the complex
variable 2z such that Ip(z)l <R on |z( = R, where R >0 and

p(z) is monic and of degree n ?

Solution: We show that no such polynomial p(z) exists, for suppose

there exists a non-constant polynomial

znml + ... +ta,z + a
n—1

n
p(z) =2 +a 1 0

such that |p(z)] <R" on |z] =R .
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Then we have

n-1

|zn + (an_lz + .. +az+ ao)[ < I*znl on |z| =R,

1l
and so, by Rouché's theorem,

n~1

n
zn + (an z + .+ az + ao) - zn and -~z

-1 1

have the same number of zeros counted with respect to multiplicity
inside |z| = R, that is, anwlznﬂl t ... +azta has n =zeros,
which is clearly a contradiction. Hence no such polynomial p(z)

exists.

5, Let £(x) be a continuous function on [0,a] , where a >0 ,
such that f£(x) + f(a=x) does not vanish on [0,a] . Evaluate the

integral

4 f(x)
L)f(x) 4+ f(a—x) dx .

Solution: Set

[ fx) [ £
L= L)f(x) F i ¥ I L)f(x) FEG &

Clearly we have

a
I+3J= J 1l dx = a .
0
On the other hand, changing the variable from x to a-x in I , we
obtain
I = \I .

Hence we have
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B, For € > 0 evaluate the limit

K|

X

Solution: Integrating by parts we obtain

Jsin(tz) dt =

go that for x > 0

X+l 9
L sin(t™) dt =

giving

x+] 9
L sin(t”) dt
so that

41
xl ¢ L; sin(tz) dt

Since *JE +0, as x>+ o  we deduce that

x+1
xl ¢ L{ sin(tz) dt = 0 .

X

lim
x+co

7. Prove that the equation

(7.0) X"+ Y4 + 2

has no solutions in integers

xt]
lim KI—QJ sin (t%) dt .

X,¥,2 .

- Zyzzz - Zzzx2 - szy

~cos(t2) 1 cos(t?)
2t 2 2
t
~cos(x+l)2 4 Sos xz
2(x+1) 2x
+]
1 1, L [*
< ——
T T2 L{
1
"<
X

2

dt

= 24

t

2

_ 1£j+1cos(t2)

dt
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Solutjon: Suppose that (7.0) is solvable in integers x, y and z .
Clearly xa+ya+za must be even. However x,y,z cannot
all be even, as 24 1is not divigible by 16 . Hence exactly one of

Xx,¥,2 1is even, and, without loss of generality, we may suppose that

x 20 (mod 2) , vy 221 (mod 2) .
Thus we have
b _ b .. b4 _ .
x =0 (mod 16) , v =z =1 (mod 16) ,

*Zyzzz £ -2 (mod 16) , —222x2 £ ~2x2y2 = ~2x2 (mod 16),

and so (7.0) gives

Hi

~4X 8 (mod 16) ,

that is

i
11

2 (mod 4) ,

which is impossible.

Second solution: We begin by expressing the left side of (7.0) as

the product of four linear factors. It is easy to
check that
2 2 2 2
A" + B” + C” - 2BC - 2CA - 2AB = (A+B-C)" ~ 4AB
= ((a+B-C) - 2/AB) ((A+B~C) + 2/AB) .

Replacing A,B,C by xz,yz,zz respectively, we obtain

xa + y4 + 24 - 2y222 - Zzzxz - 2x2yZ

F +yP - 2t - 2y G 4yt - 2t 2xy)
((x-*y)2 - 22)((x+y)2 - 22)
(x-y-2)x-~y+2)x+y-2)x+y+2z),

so that (7.0) becomes

(x~y=~z)x-y+z)(x+y=~2)(x+y+2) =24,
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In view of the form of the left side of (7.0), we may assume
without loss of generality that any solution (x,y,z) satisfies

x2y<2z21, so that
X“y=-28x~y+z2S&x+y-28x+y+z.

Moreover x -y ~z and x -y + z cannot both be 1 . As 24 = 23°3,
we have
(x~y=z, x~y+z, xty=-z, xty+z)
= (1,2,2,6),(1,2,3,4) or (2,2,2,3).

However none of the resulting linear systems is solvable in positive

integers X,y¥,2 ,

8, Let a and k be positive numbers such that az > 2k.

Set X, = @ and define X recursively by

k
(8‘0) xn = xn_-l +x L) n = 1’2,3,--.
n-1
Prove that
xn
lim
e TR

exists and determine its value.

Solution: We will show that

X
lin — = /2% .
e
Clearly x > 0 for all n 2 0. Since x = x + k for
n n n-1 X1
n=1,2,... , we have
2
2 2 k
(8.1) Xo = x|+ 2+
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and so
2 2 2 2
x> x 42k > x_ 44k > x_ 46k > .., > x +2kn = a +2kn ,
n n~1 n-2 n-3 0
that 1is
(8.2) xn 2 vekn + a? , n=20,1,2,...

On the other hand, we have, using (8.1) and (8.2),

2

Xsxl b b —Ee n= 12,
2k(n~1)+a
and thus
-1
2 2 2 1 1
X 5 X5 + 2kn + k .Z NI 7 ot
i=0
-1
2 2 [P dx
S a + 2kn + k Jml M
2
_ 2 k 2k{n-1) + a
= 2kn + a +-§ ﬂn[ Py ]
giving
_ 2k 2kn + (a®-2k)
(8.3)  x_ §-J2kn+a s (=g, n=0,1,2,... .

Hence, from (8.2) and (8.3), we obtain

Kﬂ(an + (a2~2k))

1s7mmx“ s\/1+~‘i a® -2k
2kn+a? 2 2kn + a?
and thus
X
lim = = 1
;an + a? ’

17— 0

Y X
Since lim -ZE%E%—§~ = /2k , we obtain lim ?% = 2k .

n - o 1 - %
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Q, Let X, denote a fixed non-negative number, and let a and

b be positive numbers satisfying

/b < a<2/b
Define X recursively by
ax__. +b
(9.0) xnmwﬁi««m, n=1,2,3,... .

Prove that lim x exists and determine its value,
o« o

Solution: As X, 20,a>0,b>0, the recurrence relation shows

that X >0 for n=1,2,... . If lim X exists, say

equal to L , then from (9.0) we obtain o>
al + b
L L+a’
so that L2=b,L=+/B‘.
Next we have
ax__y + b
%= Al A
n~-1
_ (a - /S)(xnul - /b
+
x ;Ta
3(3“‘5)|xn._1“£|
xn-l + a
(a ~ /b)
& a |xn—1 /EI
’xn~1 B JEI
S 2 »
so that _
Ixo"‘/bl
x - | § —e—
n o

Letting n tend to infinity, we obtain

lim x = /b .
n

>
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10, Llet a,b,c be real numbers satisfying

a>0,c>'0,b2>ac.

Evaluate 9 2
max (ax” + 2bxy + cy’) .

X,yeR

Solution: All pairs (x,y) ¢ RxR satisfying x* + yz = ] are given

by x =cos 6, y=38ind, 056 5 2r . Hence we have

max (axz + 2bxy + cyz) = max F(8) ,

(x,y) e R? 05852m
x‘u‘+y2:n]_
where
F{(g) = a cosze + 2bcos8sinBf + ¢ sinze
2 %(1-4— cos 26 ) + b sin 28 +525~(1 - ¢08 20 )
= %(a-{nc) + bsin 28 + %(a*c) cos 26
= 2(ate) + 3/TaTTTHBT sin (20 + o)
. where
tang = 2oC
andag 2b .

Clearly max F(8) is attained when sin (20 + @) = 1 , and the
0<652n
required maximum is

%(aﬂ:) + -;—/(a-c)’ + 4b?

Second solution: We seek real numbers A,B,C such that

(10.1) axz 4+ 2bxy + éyz z A(x2+y2) - (l‘ln‘z-i-(ly)2 .
Equating coefficients we obtain

(10.2) A-B2=a ,
(10.3)  -28C =2 ,
(10.4) A-ct=c



SOLUTIONS (10) | 33

Subtracting (10.2) from (10.4) we obtain

(10.5) B2 - C2 - c-a ,

Then, from (10.3) and (10.5), we have
@2 + cH? - 82 - ¢H? + (280)°
= (¢ - a)2 + gbz ,
so that

(10.6) B°+C° = +/(a=c)? + 4&b?

Adding and subtracting (10.5) and (10.6), and taking square roots, we
get

(10.7) B j/'/(a"")z z t‘zbz = (ame) g ,,Vp(a—c)* XL, (azc)

Then, from (10.2) and (10.7), we have

A= 2 (/@ TG + (ate)

Finally, from (10.1), we see that the largest value of ax2+2bxy+cy2
on the circle x2+y2;1 occurs when Bx + Cy = 0 , that is, at the

points

? nl

(x,y) = “?réélmi *B 51
B+ C B+ C

and we have

max (ax2+2bxy+cy2) = A= %{Vfa~c5*+ﬁb’ + (a+c)]
xz.Pyz =]
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1], Evaluate the sum

) [ngz]n(n-l)...(n*(2r~1)) 2n---Zr

(11.0) S 5
r=0 (e!)

for n a positive integer,

Solution: We have

g = [n/2] n! n-2r
o0 (r!')? (n~2r)!
o [n§2] n |{n-r) 2n~2r
B r=0 n=~rj|n=2r

n s 2Zs-n
¢ 8 2s5-n
ﬂn *

it
£=)
o ~1

which 1s the coefficient of x in

i

F(x) g § [n][s] 2t x2n-25+t
Now

t ( s) .t t 2.1-8§
F(x) = n] [ ] 2% }(x )
Esitot

’:] (1 + 20)3(x5)"7s

¢

fl
He—123

s=Q 1
= ((1+2x) +x5)°

= (] + x)2n .

. n ., 2n ., ,2n (
As the coefficient of x in (1+x) 1is (rz) , we have § T -
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12, Prove that for m = 0,1,2,...
(12.0) Sm(n) = 12m+1 + 22m+1 + .00+ gt

is a polynomial in n(n+l) .

Solution: We prove that
So(n) = n(n+l) ,

(n(et1) ),

[¥7]
—
P
=
e
i

((a+1) ),

[75]
2
—
o
Nt
8

m&wn)a,

(2]
[ ¥8

~—~
=
e
B

and generally for k = 1,2,3,...

(12.1) 2 )j ” (erep® = (a1
' r+k odd
An easy induction argument then shows that Sm(n) (m = 0,1,2,...) 1is

a polynomial in n(n+l).
We now prove (12.1). We have

k
k I +k
Eo[r]sr+k-1(n " zrzo[ ] E A
r+k odd 2 r+k odd
n k
« 2] 3 [k] otk
£=1 r=0 \*

r+k odd
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i

n k : _
) [‘jzz’f(z“ £ (kT
=] r=0

n
lz (e40* - wr-nky
al

j (@) - (@-DOY
=]

¥

i

(n(n—!-l))k

as required,

13, Let a,b,c be positive integers such that
GCD(a,b) = GCD(b,c) = GCD(c,a) =1 .,
Show that £ = 2abc -~ (bctcatab) 1is the largest integer such that
bcx +cay +abz = £

is insolvable in non-negative integers x,y,Zz .

Solution: We begin by proving the following simple fact which will

be needed below:

Let A,B,C, be real numbers such that
A+B+C <=2,
Then there exist integers t,u,v satisfying

t-u>4d,
u=~-v>58,
v-t>(C.
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To see this, choose
t=[A] +1,
u=0,

v=-[B] -1,
so that t,u,v are integers with

t-u=[A]l +1>4A,
u-v=[Bl+1>8B,
v-t=~[A) -[B]-22-A-B-2>¢C.

The required result will follow from the two results below:
(a) If k s an integer 2 1 , then

bex +cay +abz = 2abe - (be + ca + ab) + k
18 always solvable in non-nggative integers =x,Y,2 .

(b) The equation bex + cay + abz = 2abe - (be + ca +ab) i
insolvable in non-negative integers x,Y,z.

Proof of (a): As GCD(ab,be,ca) = 1 , there exist integers Xq3Y(»2

0
such that
bcxo +cay0 +abzo = k.,
Take
X
0
An"""a"“lg
y
Ba-p -1,
z
0
Cﬂ“”g'y
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so that ‘xO yO zO
A+B+cm..[ﬂ..+_....+m]...z
a b c
e K
abe
<=2 .,

Hence, by our initial simple fact, there are integers t,u,v

that
X
t=-u» - 2. I,
a
Y0
U=V - 1,

Thus we have
a+ xo + at -~ au >0 ,
b + Yo + bu - bv >0,

zo + ev - ct >0,

Set
X = a~] + xo 4+ at - au ,
y=b~1+yd+bu—bv,

z = =]+ zo + ev - ct ,

so that x,y,z are non-negative integers.
Moreover
bex + cay + abz = 2abc - (ab 4 be + ca) + k

as required.

Proof of (b): Suppose the equation is solvable, then

2abc = be(x+l) + ca(y+l) + ab(z+l) ,

where x+l,y+l,2+]l are positive integers.

such
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Clearly, as GCD(a,b) = GCD(b,c) = GCD{(c,a) = 1 , we have that a
divides x+l , b divides y+l , and ¢ divides z+l . Thus there

are positive integers r,s,t such that
¥+l = ar , y+l = bs , z+l = ¢t .

Hence we have
2abc = abe(r + 5 + t) ,
that is
Jer+s+tz3,
which is impossible.

This completes the solution.

14, Determine a function £{(n) such that the nth term of the

sequence
(14.0) 1, 2, 2, 3, 3, 3, 4, 4, 4, &4, 5, ...

is given by [f(n)] .

Solution: Let u be the nth term of the sequence (14.0) . The
integer k first occurs in the sequence when
(k-1)k
2

n=1+2+34+...4(k-1)+1= + 1 .

Hence un = k for

0 = Sk

(14.1) 3

+1+2, £=0,1,2,...,k1 .

from (14.1) we obtain

and so

(14.2) —y sn s 3 .
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Multiplying (14.2) by 8 and completing the square, we have

Q-2 + 75805 Qr+D)2 - 1,

(2k-1)% § 80 - 7 € (2k+1)? - 8 < 2rs1)?
2k~1 £ VBo-7 < 2k+l ,

1 + /8n~7
2

k 3 <k +1;

that 1is

u_ =k = [(l + /8n~7)/2] .

n

15, Let a),8y,...,3_ be given real numbers, which are not all

zero. Determine the least value of

2 2
xl + .0+ xn ’

where X,,...,Xx are real numbers satisfying
1 n

ax. 4+ ...+ax =1,
nn

171

Solution: We have, using Cauchy’s inequality,

oo, 1/2; n 5 1/2
1 = ]a1x1+...+a x| § [ z a.] [ ) x,] ,
IR S B A S
so that
0
) x* 2 1
Lt n
1=1 2 a2
je1 *
If we choose
4
X, = — (i =1,2,...,n) ,
] ol
i=1 *
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we have
n
Jax, =1
=1 * 1
and
n
E xi B nl i
1=1 E a
i=1 *
so the minimum value of E X subject to E a;x, = is nl
i=1 * i=] ' 2 2
a,
i=1

16, Evaluate the infinite series

S=1-~-

Solution: We have

(n+l)3

so that

H

3

i—t!i\:
Mlu
+
*
N

n(n~1)(n=2) + 6n(n=1) + n + 1

{ (= 1) (n+1)

u=0

§ -1)M(n(a-1) (a=2) + 6u(n-1) + Ta + 1)

1=0 n!

ZW”X—%—”I("I!) z(n'

n=0

) m ® m ™ m
;ZO(::!) +6m£0(;1!) - 7m§0(;}1) +m£0(~ml!)
”E’ D7 1
n=0 m!
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17, F(x) 1is a differentiable function such that F'(a~x) = F'(x)

for all x satisfying 0 $ x £ a . Evaluate &f F(x)dx and give an

example of such a function F(x) .

Solution: As
F'{a-x)

F'(x) , 0Sx¢ga,

we have by integrating

-F(a-x) = F(x) + C ,

where C is a constant, Taking x = 0 we obtain C = -F(0) -~ F(a)

so that
F(x) + F(a-x) = F(0) + F(a) .

Integrating again we get

0
As

a a
J Fla-x) dx = L)F(x)dx ,
0

the desired integral has the value %(F(O) + Fa)) .

Two examples of such functions are

kcos% and k(2x3 - 3ax2) ,

where k 1s an arbitrary constant.

18, (a) Let r,s,t,u be the roots of the quartic equation

xA + Ax3 + sz +Cx+D=20,

Prove that If rs = tu then A2D = 02 .

a a
I F(x) dx + L)F(a~x) dx = a(F(0) + F(a)) .

H
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(b) Let a,b,c,d be the roots of the quartic equation

y4+py2+qy+r0.

Use (a) to determime the cubic equation (in terms of p,q,r) whose
- Toots are

ab ~ ed ac - bd ad ~ bc
a+b~-~c~d® a+c~b~d?’ a+d-b-~-¢ "’

Solution: (a) As r,s,t,u are the roots of the quartic equation

xA + Ax3 + sz + Cx+D =0, we have

r+s+t+u=-A,
rst + rsu + rtu + stu = ~C ,
rstu =D ,

Since rs = tu we have

A2D =(r+s+t+ u)zrzs2

(rzs + r32 + rst + rsu)2

(rtu + stu + rst + rsu)2

- C2 L

(b) As the roots of the equation

y4 + pyz +qr+r=0

are a,b,c,d , we have

(18.1) a+b+c+d=0 ,
(18.2) ab+ac+ad+be+bd+cd=p ,
(18.3) abc + abd + acd + bed = =g :
(18.4) abed = ¢ .

Let 2z be a real or complex number. We begin by finding the quartic

equation whose roots are a-z,b-z,c-z,d-z .
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From (18.1) , we obtain
(18.5) (a~z) + (b=2) + (c~z) + (d=z) = =4z .,
Similarly, from (18.1) and (18.2), we obtain

(a=2) (b=-2z) + (a~2)(c-2z) + (a=2)(d~z) + (b~2)(c=2z) + (b-2z)(d~2z) + (c=2)(d~2z)
= (ab+ac+ad+be+bd+ed ~3a+b+e+dz+ 622

»

that is

(18.6) (a=2) (b=2) + (a=2)(c=2) + ... + (c=2)(d=z) = p + 62° .
Next, from (18.1), (18.2) and (18.3), we have
(a=2) (b~2z) (c~2)+(a~z) (b~z) (d~z)+(a~z) (c~2) (d=2)+(b~2) (c~2) (d~z)

= (abc+abd+acd+bed) - 2(ab+actad+betbd+ed)z + 3(a+b+c+d)z2 - 433 ,
gso that
(a~z) (b=2)(c=2) + ... + (b~2)(c~2)(d-2)
(18.7)

= -~ = 2p2 ~ 4z3 .

Also, from (18.1), (18.2), (18.3), (18.4), we have
(a~2) (b~2) (c~2) (d~2)
= abed - (abet...+bed)z + (ab+.’..+cd)z2 - (a+b+c+d)z3 + z4

»

so that
(18.8) (a=z) (b=2z) (e-2)(d=2) =1 + qz + p22 + z4

Hence the desired quartic equation, whose roots are

a~z , b=z , ¢~z , d-z ,

is
yA + 4zy3 + (p+622)y2 + (q+2pz+&zB)y + (r+qz+pz2+z4) =0 ,
- " ab - cd
To finish the problem we take 2) *TT B - c -4 8o that

(a - zl)(b - zl) = (¢ - zl)(d - zl) ,
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and thus by (a) we have

2 2 b 3,2
16zl(r *qz +pz zl) = (q + szl + Azl) .
so that z, is a root of
(18.9) qu3 + 4(4r ~ pz)z2 ~ 4pqz - q2 =0 .
- ac -~ bd ad - be
Similarly z, = TF e =t =34 and 2 % T T o h oo 8re also

roots of (18.9), which is the required cubic equation.

19, Let p(x) be a monic polynomial of degree m2 1 , and set

£ (x) = PPy

where n is a non—negative integer and D E'é% denoteg differentia-
tion with respect to X.
Prove that fn(x) is a polynomial in x of degree (mn - n) .

-1

\ . . . mn .
Determine the ratio of the coefficient of x in fn(x) to the

constant term in fn(x) .

Solution: Differentiating fn(x) by the product rule, we obtain

£L(x) = Pl (PO o1 () PR PRy

so that

f&(x) = fn+l(x) + p'(x)fn(x) .
and so
(19.1) fn+1(x) = f;(x) - p‘(Xan(x) .

Clearly fo(x) = 1 is a polynomial of degree 0, fl(x) = ~p'(x) is
a polynomial of degree m—l , and fz(x) = -p"(x) + p'(x)2 is a poly-
nomial of degree 2m~2 . With the inductive hypothesis that fn(x)

is a polynomial of degree mn-n , we easily deduce from (19.1) that
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fn+1(x) is a polynomial of degree m(n+l) - (n¥l) , and hence the

principle of mathematical induction implies that fﬁ(x) is a poly~

nomial of degreel (mn~n) for all n .

Setting
m m~]
p(x) = x 4+ pm_lx + ...+ p
and
mo=-n m-n~1
fn(x) 8 X * a1 o tay,
we obtain, from (19.1),
: .mn+mrn~1
amn+m-n-lx + ... %+ ao
mn~n~1 mn~n=-2
(mo-n)a _ x + (wo-o-la % .. ta
- (mxm-l + (m-1)p xmﬂz + oou + P,)
m=] 1
mn-n mn-n-1
(a_ .% A el *oaee +a,) .
Equating coefficients of xmn+m~n—1’ we obtain
Sontmen-1 = “ippen

Solving this recurrence relation, we obtain

= (-m)"%a

a
“mn-n 0’

that 1is

a
ff 2w (em)” .
0

20, Determine the real function of x whose power series is

3 9 15
§!—+

\o!x

X
!+“i""§"‘!"'+-a| .
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Solution: We make use of the complex cube of unity

-1 + ¢~3
W —
so that
(20.1) w3 » 1, w2 +w+1l=20,

Now, for all real x , we have

x3 xS x7 9

sith x = x +37+ 7+ 7-!-+~’§‘T+. ,
x3 W2x5 x7 x9

si,nhwx=wx+~3-~!-+ *ﬁi’w“ﬁ*-ﬁw*‘. ’
3 5 2.7 9

sinhw2x=w2x+~’§—!-+ “%T+“%+-’§‘T+.

Adding these equations and using (20.1), we obtain
2 x3 xg

sinhx 4+ sinhwx + sinhw x = 3[-3-i~+-§T+ ]

Now

sinh wx = sinh

~x  ix/3] _ .o [=x ixy3 x| . . [ix/3
5 + —Tq sinh [""f“] cosh[wmi-q+ cosh[uiw] sinh [-—7:]
= -"si.nh[%] cos[%g] + icosh[%]sin[“’s“i/g] ’

and similarly

, . b xv3 . x| . |xv/3
smhw’_x- sxnh[-i-]cos[wﬂ lcosh[*é*]sm[**"fq s

and so
sinhwx + si.nhwzx = -ZSinh[?-;-] cos[.’f.i..‘@] ,
giving
x3 xg 2 X X xv3
3-i-+ ~§-~!~+ ces = gsxnh[am] cosh[mf] - cos[—-—iq .
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2.

(21.0)

Dezermine the value of the integral

T(gin nx)>
n S1n X

for all positive integral values of n .

Solution: We will show that ]‘.n =nr,n=]1,273,,,

that is
(21.1)

where

From (21.0), we have for n 2 2

Tr(s;i.nznx - s’.:i,n2 (n-1)x)

e N f sin?x dx

0

- r (sin nx = gin (n=1)x)(sin nx + sin (n'-l)x)—dx
L] 2 b
0 sin?x

2 2

dx

Tr * x x kg
2 sinz cos(nx --2-) 2 sm(nx—%) cos =
= L}
sin?x

0

dx

. Tsinx » sin (2n~1)x
0 sin?x

sin x

- Lﬂsin (2n-1)x dx

Now, for m 2 2 , we have

sin x

I -3 - L“(sinmx - sin (m~2)x) dx
m m-2
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T, .
. f 2 sinx cos (m=1)x dx
0 sinx

i
2L cos(m1)x dx

-2 sin(m1)x T
m-1 0

”0,
so that

Tn ™ Iz ® Tpes J.=7, if m odd.

1

Hence, from (21.1), we obtain Dn =1, n22, so that In = nr ,

. ] - - {Jo =0, if m even,

nal, as Il = 0,

22, During the year 1985, a convenience store, which was open 7
days a week, sold at least one book each day, and a total of 600
books over the entire year. Must there have been a period of consec~

utive days when exactly 129 books were sold?

Solution: Let a; i=1,2,3,.,,,365, denote the number of books

sold by the store during the period from the first day to

the ith day inclusive, so that
18 3, < a2 € ves & 8365 = 6500 ,
and thus
< -
130 g a1+129 < a2+129 ver € a365+129 729 .

..,a365+129 are 730 positive integers

between 1 and 729 inclusive. Thus, by Dirichlet's box principle,

Hence al,...,a365,al+129,.

two of these numbers must be the same. As ai""’a365 are all

distinct and a1+129,...,a +129 are all distinct, one of the a,

365
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must be the same as one of‘the a£+129 , Say,

a, =2 + 129 , .1 s €< k<365,

Hence 8 ~ay " 129 and so 129 books were sold between the (£+l)th

day and the k~ day inclusive.

2%, Find a polynomial f£(x,y) with rational coefficients such
that as m and n run through all positive integral values, f(m,n)

takes on all positive integral values once and once only,

Solution: For any positive integer k we can define a unique pair

of integers (r,m) by

[ (r-1) (x=2) kg r(r-1)

2 2 ’
o e o (=D (e-2)
2 L]
Clearly we have
0<mg Bl (e-1)(x-2) _ :

2 2
that 1is

lsm<r,

so that r and m are positive integers. Moreover, we can define
a positive integer n uniquely by r = m + n , which gives

. (mn-1) (mrtn-2) tm

k 5 .

and a polynomial of the required type is therefore

£(x,y) = (x+y~1i;x+y~2) + x

L]
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24, Let m be a positive squarefree integer. Let R,S be
positive integers. Give a condition involving R,S,m which guaran-

tees that there do not exist rational numbers x,y,z and w such that

(24.0) R+ 28/ = (x+ym?+ (z +wh)l

Solution: If there exist rational numbers x,y,z and w such that
(24.0) holds then

R - 28/3 = (x-y/@)2 + (z-w2 20,

and so a condition that will guarantee the non-solvability of (24.0)
is R - 28/m < 0, that is

R
"2"'§<\/I‘l'l.-

7?5, Let k and h be integers with 1 S k < h . Evaluate the

limit

hn r
L = 1im T[ [1 - *ﬁ*z] .
n+o r=knt+l ‘

Solution: For [x] <1 we have

ﬂn(1~‘X)=“):%.

s=]
and so
© g
x+ bn(l-x) ==} %,
g=2
giving
2 S
lx+ n (1 =-x)| =[] =
=28

S

s 7=l

g=2 8
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1? s
Sz ) x|
2swz

2
a |x|
2(1-}x

Taking x = -E-, (kn < r S hn) we obtain

2

T b o T
L ta-L)| s T
2n (1 - =,
n

r2

s

A h
2n (1 'ﬁ*)

Thus we obtain

| hzn [r r 1 hzn 2
l = + fn (1= )] § r
| e=kn+1 n nt Zn&(lﬂ%) r=kn+]

hn
. al h Efz
2n (1*6) r=1

33

h™n
€ msemm———

4, h
2n (1"1';;)

h3

h
2n(l - 'ﬁ")

*0 as n*>®

showing that
hn .
(25.1) lim E =+ Ln [1 - -ﬁr—:{] = 0

n- o yraknd]

Next we have

th r U1 {hn(hn+1) _ kGt | 0% (k)
rwktﬂ-lnz n? 2 2 2 2n
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so that
hn r 2
(25.2) tim ) I e lZkD
n 2
n -+« rakn+l
Thus from (25.1) and (25.2) we obtain
hn 1,2 .2

lim 81 T (1 -2) = =5k
n+« yr=kntl

and so
w . -latad
1i.t!1 H (1 - “ﬁ"z) S -}
n~+» r=kntl

76, Let £(x) be a continuous function on [0,al] such that
f(x)f(a-x) = 1 , where a > 0 . Prove that there exist infinitely

many such functions f(x) , and evaluate

f__dx
0 1 + £(x)

a
£ -
Solution: The function £(x) = e 2 is continuous for all x and
satisfies f(x)f(a-x) = 1 , so that f(x)n (n =0,1,2,...
gives an infinite family of functions of the required type.

Setting x = a ~ y we obtain

fa dx 0 ~dy
I = i s .
NITE{ey Ll + £(a-y)

. L? dy L: £(y)dy
1 + f(a-y) f(y) +1

2 1
- L {1 - 1+f(y)}dy
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ﬁ_a__iy_
a oL+ £

= a~1, 80 that I =

e

4

77, The positive numbers 8),3,,84,... satisfy

no, n 32
(27.0) ) al = [ ) a ] , n=1,2.3,...
T r
r=1 r=l

Is it true that ar =y for r=1,2,3,... ?

Solution: The answer is ves. We proceed by mathematical induction,

making use of the identity

3 3

P v +2+... ).

Taking n =1 in (27.0) gives a3 = ai , which means that a, =1

1 1

because a1 >0 .

Next, assume that ak =k for k=1,2,...,n~1 . The equation
(27.0) gives

3

R T S = (1424 ... + (a1) + an)z

1
g0 that
2 3 ' 2 2
(L+2+.. H(0=1) © + a_ = (1424, +(n=1)) " + 2(1+2+“"+(n-1))an ta,
that is,
3 2
(27.1) a = (n-1)na +a

As a > 0 , we see that (27.1) gives a =n, thus completing the
inductive step.
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75

78, Llet p > 0 be a real number and let n be a non-negative

integer. Evaluate

(28.0) un(p) = re"pxsinnx dx .
0
Solution: For n22 and p > 0, integrating u = un(p) by
parts we obtain
1 ” 1
o s e=e PRt |+ rn sin™ "x cos x dx
n P 0

=1 rsninnﬂlx cosxe Prdx .
P i
Integrating by parts again, we get

n{ ] -px ., n~l
u = - sin XCOS X
n p %

0

+ r [(n—-l)sinn-zx coszx - sinnx] ¢
0

= -% [j [(n«l)sinn—zx (lwsinzx) - sinnx] e P¥ dx
P

2
= ﬂ%}-—-ﬁ Ee“pxsinnmzx dx - B-é- Ee'pxsin“x dx ,
P

that is
2
. h(n-1) g L
n P -2 2

Thus we have

o)
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giving
.
ng?-%g ] (n“z)gf'%g ces «%%mli 4y » if n even,
n +p (n=2)"4p 2p
u =
n
:}(én 1.21 .o 2)(211 32) “%"3'5“1 , if n odd .
, +p (n-2) +p 34p
One easily sees that uO = .-.].:. and u]_ - l 5 1 go that
P 1 + P
r n!
~73 . ) » 1f n even,
p I ((21)° + p%)
i=l
“n " ﬁ n!
D73 , 1f n odd.
T ((21+1)? + p?)
i=0
29, Evaluate
n*f2 T T
(29.0) 2 tan —— ,
o L

for integers n 2z 2 .

Solution: We use the identity
tanA = cot A ~ 2cot 2A ,
which 1is easily verified as

2cos 2A cos’a - sin’A

sin 2A sinAcosA

2cot 2A = = cotA ~ tand .

Then we have

n~-2 r . n-2 r .
] 2tan ——= ] 27 |cot - 2cot
=0 2 r=0 T 9

n-r-1
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n-2 n~2
= J 2%cot ;rr ) 27 ot “;Tr";:i*
r=( 2 r=0 2
2
- E Zrcot ): 2 cot
- -1
r=0 2 r=] 2
0 i n-1 il
= 2 cot 2“ 27 “cot = (no1)
= COt I . 2n 1 t-
n 2
2
= cot ln .
2

Second solution (due to L. Smith):

For 0 < B < 21 we consider the integral

LB[nEZZrtan 2 ] da

r=0 o

n~2 B
u ZZrL tan
r=0

I1(B)

dA
T

n-2 B
= 725« 2" gncos
r=0 2T lo

nn—2
= 2" ) Lncos
r=0 2

n n~-2
w 27fn IT cos
r=()

n=-xr

21‘.1—].'

sing-

n 2
= 2 AN | ——
P loin B

Zn
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= 2n £n sin-ﬁ - 2" £n ain J%'- 2n £n 2nm1 .

2

Differentiating we obtain

1'(B) = cot J%‘~ "ot 2,
2
2
Taking B = T we get
=2 " T
} 2 tan oo T cot .
r=0 2 2

), Let n =2 be an integer. A selection {s = a: i=1,2,...,k]
of k (2 £k <n) elements from the set N = {1,2,3,...,n} such that
3, < a, AIEETRAIE W is called a k-selection. For any k-selection § ,
define

W(8) = min {a i=1,2,...,k=1} .,

i+1734¢

If a k-selection S 1is chosen at random from N , what is the prob-
ability that
W(S) = r ,

where r is a natural number?

Solution: Let fr(n,k) » 2<k<n, denote the number of
k~selections S8 from N such that W(S) =2 r ,
r=1,2,3,... . We will show that

(30.1) £ (n,k) = [“'(k"ig(r'l)] , r=1,2,3,...,

where [ﬁ] = 0 for any integer m <k , When r =1, fl(n,k)
enumerates all k-selections S from N , so that fl(n’k) = [2] ,

and hence (30.1) holds in this case. WNow suppose r 2 2 . Let
§ = {al’aZ""’ak} be a k-selection from N with W(8) 2 r ,
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so that a; +r & a1 for i=1,2,...,k~1 . The mapping F
defined by

(30.2) F(8) = {al, a, - (r-1), a, - 2(r-1), ..., a - (k=1) (r=1)}

3

assoclates with a k-selection $ from N having W(S) 2r , a k-

selection from the set
M={l, 2, ..., 0~ (k=1)(x-1)}

Clearly F 1is one-to-one and onto, so that fr(n,k) is just the
number of k~selectiomns from M , which is given by the right side of
(30-1)-
Thus the required probability is
ey n*(k-l)(r-l)] } n-(k-l)r]
fr(n,k) fr+1(n,k) _ [ " "

fl(n,k) [2]

.

3], Let k22 be a fixed integer. For n = 1,2,3,... define

1 , 1f n is not a multiple of k ,

o
L]

~(k-1) , if n is a multiple of k .

8

a
. n
Evaluate the series —_

il ~—3

n=1

Solution: Let s be the sum of the first n terms of the given

series. For each n 2 1 we have uniquely

n = kqn + L s 0 s r < k ,

and since
-(k=1)/tk = 1/tk ~ 1/t

for t = 1,2,...,qn‘, we have
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1 1 1 1
s, = (1+i+”'+-ﬁ] - (1+~2-+...+~;1-)

Now, n = qn(k + rn/qn) 80

Lnn = 4Ln q, + n (k + rn/qn) ,
and hence
s = (L+ie. . +lotnn) - (1-!-'-}—+...+-]"--1’.nq ) +n (k+r /q)
n 2 n 2 dy n n ‘n
wun*vn-l-wn
The sequence {un: n=1,2,3,... } converges to Euler's constant c;
the sequence {vh: n=1,2,3,... } algo converges to ¢ ag n + ®
implies q_ +%; and the sequence {wh: n=1,2,3,... } converges to

n k as r is bounded. Thus, we have naﬁl Enn = fnk,

32, Prove that
m =X . m! .
rx e “ginxdx = —5y77 sin (m+l)w/4
0 2
for m=0,1,2,...
SOlution: We get for m = 0,1,2,a-a

m”xl
Smw X e sinxdx ,

~X
e cosxdx ,

S (1-1)x

ERIRR
B
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As
ix -
e = cosx+ isinx ,

we have

Integrating E_ (m 2 1) by parts, we obtain

me(i-l)x oo J: m—-le(i-]‘)x
E = x = - i mx e (%
m i~1 1i-1
0
- >
re SR
Hence we have a
- t
Em = SmilmggmlEo , m20,
(i-1)
S >
Clearly E, = = <77 , so that for m 20
£ = (--1)m+1 m! _ ml (i+1)m+1
B (g™ 7o
Finally, we obtain for m 2 0
1
0”7 " B
m! ol Lol
= s {(1+1) - (1"'"'"1) } »
2 71
and so, by Demoivre's theorem, we have
i wtl
L _m 2 L Ty _ o, 2 L T
Sm 2m+2i 2 (cos(m+1)4+-181n(m+l)4) 2 (cos(m+1)4 191n(m+1)4)

!
= _(m“%m‘f si.n(uﬁ-l)-z- s mz0
2
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%2 For a real number u set
T

(33.0) I(u) = J £n(l - 2ucosx + uz) dx .

0

Prove that 1 9
I(u) = I(=u) = -i-I(u, Yy

and hence evaluate I(u) for all values of u .

Solution: We will show that

0 , if |u]l g1,
(33.1) I(u) =
2ubn|u| , if |u| > 1.

First, we prove that
(33.2) I(u) = I(~w) .

Setting x =7~y in (33.0), we obtain

m
I(u) = [ £n(l + 2ucosy + u2) dy
0
= 1{(~u) .
Next we show that
(33.3) I(w) + I(~u) = I(u®) .

We have

(1 - 2ucosx + uz)(l + 2ucosx + uz) = (1 + u2)2 - (2u cosx)z

by 2u2_(1 - 2(:03210

=] - 2u2c0921; + u4 y

=] 44

so that
£n(l - 2u cosx-l—uz) + n(l+2u cosx+u2) a fn(l - 2u2cos 2x+u4)

1]

and thus

" 2 4
I(u) + I(~u) = Ll.n(l - 2u”cos 2x + u ) dx ,
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and setting y = 2x , we obtain

L (3 2 4
I(u) + I(~u) = 7 L Zn(l = 2u” cosy + u ) dy

:u-i«I(u)"F— £n(1~2u2cosy+ua) dy .

1., 2. 1 ("
P

™

Setting y = 2t - z in the last integral, we obtain
2n
L n(l - 2u2cosy + ua) dy = I(uz) ,

proving (33.3) as required.
From (33.2) and (33.3), we deduce

(33.4) I(w) = I(-w) = 21(:D)

For |u| =1, that is u = £l, we have

(1) = (-1 = 2 1),
S0
I(1) = I(-1) =0 .
For |u| <1 we have

n

1 2 1 4 ) 8 1 2
I(u)=—2-1(u)ﬂ-;-fl(u)=;~§~1(u)=...ﬂ;ﬁ~l(u ),

n
for all positive integers n . Letting n + + , we have u2 + 0

as |u| <1, and I(u) being continuous gives

o0
lim I(u ) = 1(0)

n -

[In fact it follows from (33.4) that I(0) = 0 .] Hence, as -—%-r 0,

we obtain 2

n
lim -—]'--I(uz) =0,
n
n+o 2
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giving
I{u) = 0, for |u|l <1,

Next, for |ul > 1, we set u -%— » So that 0 < |v[ <1 . Then,

for u >0 , we have

m 2 1
I(u) = Li’_n(l ~ Zcosx +---2-) dx
v

T
J {€n(1 = 2vcosx + vz) - 2tnv} dx
0

ki
I{v) - 24&nv de

0~ 2mhnv

2n lnu .

Finally, if u<0 , we have
I(u) = I(~u) = 2mén (~u) ,
so that for all u with |u| > 1 we have

I(u) = 2rdn|ul .

3}, For each natural number k 2 2 the set of natural numbers
is partitioned into a sequence of sets {An(k): n=*1,2,3,,.. } as
follows: Al(k) consists of the first k natural numbers, Az(k)
consists of the next k+l mnatural numbers, A3(k) cousists of the
next k+2 vatural numbers, etc. The sum of the natural numbers in
An(k) is denoted by sn(k) . Determine the least value of n = n(k)

such that sn(k) > 3 - sk , For k= 2,3,...
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Solution: The last element in An(k) is the number

k 4 (ktl) + (k+2) + ... + (ktn~1) = nk + (1+2+...+(n-1))

- nk + (n;:)n .
Since there are k+n~1 numbers in An(k) , the first element in

A (k) is
n

[nk+-(—5:51w)-3~] “ (k+n=1) + 1= (n-1Dk +-%(n2-3n+&) .

Hence we have

(k+n-1)

2= (o-Dk+ (a° - m+2))

(34.1) sn(k) =

Taking k = 2,3,4,5 in (34.1) suggests that n = k may be the
required value of n . To prove this conjecture we calculate sk'l(k)

and sk(k) . We have

5 (0 = (k=1 (3K = Tk+5) = 3 - 106 + 12k - 5

and

2
_ (2 1)(312< k+2) 3k3-%k2+%k-—l .

sk(k)
One easily checks that for k = 2,3,...

5, (k) > 3%° - 5k2 > s, (k)

k-1

so that n(k) = k is the required minimal value.

35, Let {pn: n=1,2,3,... } be a sequence of real numbers such
that P 21 for n=1,2,3,... . Does the series
[p,)-1

(35.0) nzl (o, 1D (15, 1+0) - ((p,I¥1)

converge?
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Solution: The answer is ves.
p "1
Let a = —2—v  n=1,2,.
n pl.‘.pn

Then we have for mz2 1 ,

m m 1 1
Sm = 2 a = E -
n=1 n=1 \PpeePpay PpreePy
1
Pp+ Py
5]_-....._1._._
1o Pt
= Spel

so that {Sm: m=1,2,3,... } is an increasing sequence which is
o
bounded above by 1 . Hence 1lim Sm exists, showing that nélan

. m >
converges. Finally, as

[p 1-1
([p1]+1)([p2]+1)...([Pn]+l) s 4h 2

n=1,2,3,... ,
the series given by (35.0) converges by the comparison test.

36; Let £(x) , g(x) be polynomials with real coefficients of
degrees n+l , n respectively, where n 2 0 , and with positive

leading coefficiénts A, B respectively., Evaluate

’

X
L= lin g(x) J LE(8) - £(x) dx
Xr® 0

in terms of A,B and n .

Solution: As A> Q0 and B> 0, we have
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X
lim Lef(t) dt = +w

X -+

and

ef(x)
lim W L ]

X0
X
%[Lef&)dt]
lim
X+ ® __é_ef(x)
dx| g(x)

Moreover

g(x)2

lim £r(x)glx) - g'(x)

X+

. Bzxzn + e
= lim

X+ ﬁﬁ(n&-l)xzn S P

B
® T{o+tD)a

so, by L'H6pital's rule, we have

X
J o (8) dt
0

L= lim I TN

X+© @ /g(x)

X
?&%;"[L ef(t)dt]
= lim

X +@ &%[ef(ﬁ/g(x)}

B
= (n+1)A
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7. The lengths of two altitudes of a triangle are h and k ,
where h # k . Determine upper and lower bounds for the length of

the third altitude in terms of h and k .

Solution: We show that

hk hk
(37.1) 'I_T+—k<£_ <W R
Let the points P,Q,R be chosen on the sides BC,CA,AB (possibly
extended) respectively of the triangle ABC so that AP,BQ,CR are
the altitudes of the triangle. Set a = |BC|, b = |CA| , c = |AB|,
h=|aP|, k=|[BQ| , £=|CR| . Clearly

ah = bk = cf ,
8o that

N
n
=l fu
oo
wlt=

Without loss of generality we may suppose that h < k . From the

inequality
a<b+c,
we obtain
a_b L .2
c < ¢ *1l, h < E'+ L
80 that
1 1
ﬂ[ﬁﬁﬁ]”’
that 1is
hk
K“:m .

Also from the inequality

we obtain
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that 1s

hk
- Sl
¢ htk

This completes the proof of (37.1).

28, Prove that

- 1™y L 0T
(1-0) (1-x%) . .. (1x")

= P =
P n,r(X)
is a polynomial in x of degree nr , where n and r are non-
negative integers, (When r = 0 the empty product is understood

to be 1 and we have Pn 0" 1 for all nz20.)

Solution: For n 20 and r 21 we have

N (1~xn+2)...(l~xn+r+1) - (1—x“+1)...(1-xn+r)
ntl,r n,r (1-x)...(1-x") (1-x)...(1-x")
i (l~xn+2)...(1*xn+r)((1~xn+r+1) - xr(l-xn+1)j
(1=x) ... (1-x")
DL
(1-x)... (1==""1
so that
r ”

(38.1) Pn+l,r x Pn,r Pn+1,r--1

We now make the inductive hypothesis that Pn,r is a polynomial
of degree nr for all pairs (n,r) of non-negative integers satis~
fying n+r £k, where k is a non-negative integer. This is
clearly true when k = 0 , as, in this case, we must have n=1r = 0,
and PO,O =1 . Now let (n,r) be a pair of non-negative integers

such that n+r=k+1. For n21 and r 2 1, by (38.1), we have



%0 SOLUTIONS (39-40)

(38.2) Por" % Ptr F a1

As (n-1) +r =n + (r-1) = k , by the inductive hypothesis, Pn-l ’
y
is a polynomial of degree (n=l)r and LA is a polynomial of

degree mn(r-1) . Hence, by (38.2), P . is a polynomial of degree

max(r + (a-)r , n{r-1)) = nr .

Pn . is clearly a polynomial of degree O in the remaining cases

3

n=0 and r =0 . The result now follows by the principle of

mathematical induction.

39, Let A, B, C, D, E be integers such that B 2 0 and

FmADZ-“BCD-i-BinO.

Prove that the number N of pairs of integers (x,y) such that

(39.0) sz + Bxy + Cx + Dy +E =0,

satisfies
¥ < 24([F|) ,

where, for integers n 2 1 , d(n) denotes the number of positive

divisors of =n .

Solution: Let {x,y) be a solution in integers of (39.0), so that

(39.1) ~(Bx + D)y = (Ax®> + Cx + E) .
We define an integer 2z by

(39.2) z = -(Bx + D), so that x = 0-}1;(2 + M

Clearly z # 0 , for otherwise x = -D/B and from (39.1) we would

_ 2
have é%f - %? 4+ E =0, contradicting F = 0 . From (39.1) and
B .
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(39.2) we have

Bzzy = A(z+D)2 - BC(z4D) + BZE ,

that is
z(Bzy - Az - (2AD-BC)) = F ,

go that 2z 1is a divisor of F .
Thus the total number of possibilities for z is $ 2d(|F|) .
For each such 2z there is at most one possibility for x ,
namely, x w?mé(z + D) if this is an integer. As (39.1) implies
that each x determines at most one y , the total number of pairs
(x,y) is £ 2d(|F]) .
v k

10, Evaluate X 7 5
k=1 k + k" +1

Solution: We have for k 2 1

= i e D) c K s m kDA K+ L)
and
2k _ 1 _ 1
el el K -k+l Kkl
= f(k"l) - f(k) 3
where
() =,
X +x+1
so that
n i1l
k 1
3 ”'E E (f(k=-1) - £(k))
kel Kk +1 k=1

pof

(£€0) - £(n))
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nz 4+ n

2

1
2 n +n+1

U], Let P = Pm(n) denote the sum of all positive products of
m different integers chosen from the set {1,2,...,n} . Find

formulae for Pz(n) and P3(n) .

Solution: We will show that

P, = —215 n(ntD) (n-1) (B+2) , By = "zfl'g 22 (a+1) 2(n-1) (0-2) .

We begin by considering

(1-x)(1-2%)...(l-nx) = 1 - Plx + P2x2 - P3x3 + ...+ (wl)nann .

so that, with Py = 1 and x sufficiently small,

n n
£n[ ) (-l)rPrxr] = § n(l - kx)
r=(0 ; k=1
et
k=1 p=1 ¢

i

1
He—1 8

»

%
—
?E‘M.':I

o

[a
M——

Hence we obtain

T r, .t T <t
0(—1) P x = exp|~ E e
r%
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that 1is

: T, . O x£ ) h
(41.1) L DR x = Z m—-*-):-z-[Zk] ,
and so, for r = 0,1,2,...,n,

Pr = (-1)F coefficient of x  on the right of (41.1) .

Thus we have

P, = coeff. of x in i N [ z < [ 2 ]]h

2
1‘)«? 2 1[“ ]
== )k +5r ] Kk
2.5 2t 4
. _laG)@ntD) | 1)
7 3 2| 2
=§%n(n+1)(n-1)(3n+z) :
and )
3 h-1{ « £, n h
P, = coeff, of x° in | B I%[Zkz]
h=0 Lal™ Yeml
\3
UL - (F0E (]
IR N ' - ' N N Y ST
3 2! k=1l / ‘k=1 3! k=]
=-§5 n (n+1) -%E n“(n+l) (2n+1) + ;; n3(n+1)3

= 48 n (n+1) (n*l)(n*Z)

H2; For a > b > 0, evaluate the integral

( v 02X _ ebx
42.0) dx
0 x(e¥*+1) (e™%41)
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Solution: For any constant C , the function

X
f(x)*-“xe +C, x20,
e 4+ 1
is such that
o35 _ ebx
f(ax) - £(bx) = .
(e¥*+1) (7%+1)

For t > 0 we have

t ax bx t
I(t) = J " - e dx = J f(ax) - f(bx) dx

o x4 (e”%+1) ) X

t t
- J f(ax) dx - J f (bx) dx |
X ‘ X

0 0

provided both the latter integrals exist.

This is guaranteed if ligbf(y) exists, which holds if and only
y
if C ﬂ“*% .  With the choice C =-%, we have
at bt
J(t)mJ mdqu Mdy
o 7 o 7
at
f
- L () 4y

g 7

- - 1 n + Ed "
Now lim f(x)==§-so-that'g1ven any ¢ > 0 there exists a positive
x -+ 00

real number X = xo(s) such that

1 1
X > X, => 3 = €< f(x) < §-+ £ .

If t > xo/b , then at > bt > Xy s and so we have
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1 a atc% - €)
(‘"2“: - E) zn’g = v dY
t
< J(t)
atl Lo
< 2 dy
Yy
t

1 a
(‘”2“"5)&‘-5'.
Since £ 1is arbitrary we obtain
lim J(¢) = +2nd
27°b?

£t

that is

2 |
oip

eax ~ ebx
‘ ax bx dx = ={n
5 x(e +1){e "+1)

43, For integers n 2 1 , determine the sum of n terms of the

saries

2n 2n(2n-2) 2n(2n-2) (2n-4)
(43.00 T+ D 3y T (-1 2oy (25 T

Solution: Let Sn denote the sum of n terms of the given series
(43.0). We have

2
Sp=1=2%,
4 442 4 8 12
S,=3tqyc3ty=T o4,
6, 6:4 . 6-42  1B424+48 _ 90 _
Sy =5t eyt T s “15°°6-
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These values suggest the conjecture Sn = In for all positive integ-
ers n . First, as S1 = 2 , the conjecture holds for n =1,
Agssume that Sn = 2n holds for n =m ,

Then we have

w2 |, 2wl [ 2m 2m{2m~2)

Serl ™ mtl T 2mFl (9T T (Gool) (7o) T e (m terms)

L 2w 22
2wl © Zutl m

_ kw2, 2w,
Twtl 2wt

22
Tt (1 + 2m)

2ut2

showing that Sn = 2n is true for n =m+ 1 . Hence, by the prin-
ciple of mathematical induction, S = 2n is true for all positive

integers n .

O, Let m be a fixed positive integer and let JPLIVRRRIL N

be k (21} complex numbers such that

s s $
(44.0) zl + Zg + ... F Z, = o,

for all s = m,m+l,m#2,...,mtk~1. Must z, = 0 fori=1,2,...,k?

Solution: The answer is yes. To see this, let STLIYPRRIEN be the
roots of the equation
k k-1 k-2
z -+ 1% + 3 _y? + ...+ 3,z + 3, = 0.

We will show that 34 = 0 . Suppose a, 20 . Clearly 21,22,...,zk

are also roots of

,zm+k’1 + 4 zm+k-2 + ... + a zm + a zmml

k-1 1 02 =0.
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Hence for i =1,2,...,k we have

?+k"l + a z?+kw2 + ...+ a z? + a z?ml =0 .
i k=1"1 171

(44.1) 0%i

Adding the equations in (44.1) and appealing to (44.0) we obtain

g a1
3y .E z, == 0.
i=]l

As ao # 0 we have

Clearly Z11Zgsese,2y, ATE roots of

m+k=2 mrbk=~3 m~1 m-2
z z

(64.2) ta +.otaz T Haz =0,

Taking z = z; i=1,2,,..,k, in (44.2) and adding the equations
we obtain as before
k

z?WZ =0 ,
i=]

Repeating the argument we eventually obtain

% z, = 0,

i=]

and one more application then gives aOk = (0 , which is impossible.

Hence we must have a, = 0 , that is

(-l)kzl...z =0,

k

and so at least one of the z; is 0, say z, = 0 . The argument

can then be applied to ZyseeerZy to prove that at least one of

these is 0 , say ey = 0 . Continuing in this way we obtain
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U5, Let A = (aij) be the nxn matrix where
, if i=3,

X
agy = 1, if li=jl =1,
0

, otherwise,

where x > 2 . Ewvaluate Dn = det An .

Solution: Expanding Dn by the first row, we obtain
= b -
Dn *a-1 Dn~2 ’

30 that

(45.1) D = xD + D =0,
The auxiliary equation for this difference equation is

t2 -xt+1=0,

which has the distinct real solutions

Xk VxF-4
t = —s—,

as x > 2 ., Thus the solution of the difference equation (45.1) is

given by
Dn = A(.%.(x.{..y’xzma))n + B(*%(X"sz"lb))n ’

for some constants A and B .

We now set for convenience
a= %{x + yYxi-4)
so that, as %(x + Vx2=4) o %(x - VXi-4) = 1 ,

(x = vx2=4) ,

P

L.
a
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which gives
0 -n
Dn = Aa +Ba , n=1,2,3,....

Now
1l A B
] ] ] o
Bl X=a+ . a + :
and
D, =xl-1=] DY OV S S A |
2~ ¥ 2T 2T Y
a a
so that
a2A + B = az +1 R
(45.2)

aaA 4+ B = aa + az +1.

Solving (45.2) for A and B yields

a -1
A d [l B = ’
2 -1 at -1
so that
2
1 1
D =3 4" - -,
n 2 a’-1 "
that 1is
a2n+2_‘1
N g%(ala])

U6, Determine a necessary and sufficient condition for the equa-

tions
X +y + 2z = A |
(46.0) x> +y° +22= B |
3 '3 1

x +y +2 = C ,

to have a solution with at least one of x,y,z equal to zero.
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Solution: Let x,y,z be a solution of (46.0). Then, from the

identity

(x+y+z)2 = x2 + y2 + zz + 2(xy+yz+zx) ,

and (46.0), we deduce that

(46.1)

Xy + yz + zX *'%(Az - B) .

Next, from the identity

x3 + y3 420 - 3xyz = (x +y + z)(x2 + y2 + 22 ~ (xy+tyz+zx)) ,

we obtain using (46.

C....
so that
(46.2)
Hence a solution

gzero if and only if

condition A3 - 3AB

1)
1,.2 3 1.3
3xyz = A(B - 5(A -B)) = S4B - 547,
1,3 3
3xyz 'fA - -:-z-AB + C .

(%,v,2) of (46.0) has at least one of x,y,2
0 , that is,by (46.2), if and only if the
0 holds.

Xyz
+ 2C

U7, Let S be a set of k distinct integers chosen from

1,2,3,...,10“*1 , where n 1is a positive integer. Prove that if

(47.0)

k
n < In (2;1) + (k‘;l)}/ﬁn 10 ,

it is possible to find 2 disjoint subsets of § whose members

have the same sum.

Solution: The integers in S are all § 10"-1 . Hence the sum of

the integers in any subset of § is

< (10%-k) + ...

4 (10™2) + (10" - 1) = ke10" - %k(m) .
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The number of non-empty subsets of S 1is Zk*l . From (47.0) we have

2 1> k10" - %—k(m) ,

and so, by Dirichlet's box principle, there must exist at least two
different subsets of S , say Sl and 82 , Which have the same sum.
if S1 and 52 are disjoint the problem is solved.

If not, removal of the common elements from S1 and 52 yields

two new subsets Si and Sé with the required property.

LR, Let n be a positive integer. Is it possible for 6n
distinct straight lines in the Euclidean plane to be situated so as
to have at least 6n2w3n - points where exactly three of these lines
intersect and at least 6n+l points where exactly two of these

lines intersect?

Solution: Any two distinct lines in the plane meet in at most one
point. There are altogether [i?] = 3n(én~1) pairs of
lines. A triple intersection accounts for 3 of these pairs of

lines, and a simple intersection accounts for one pair. As

(6n%~3n)3 + (6n+1)1

= 1802 - 30 + 1

> 3n(bn ~ 1)

the configuration is impossible,

49, Let § be a set with n (21) elements. Determine an
explicit formula for the number A(n) of subsets of S whose

cardinality is a multiple of 3 .
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Solution: The number of subsets of § containing 3£ elements is

[BH] , £ =0,1,2,...,{n/3] . Thus, we have

[n/3] 0
(49.1) An) = ) [“] = ) [“] .
220 3L o0 k
k=0 (mod 3)

Let w = %(-1 + i¥3) so that

wzw%(—l-i@), woul,

and, for r = 0,1,2 , define

1

s_= 1 [E] .
k=0

k=r (mod 3)

Then, by the binomial theorem, we have

, s

(49.2) 2" = ()" = ) [“] =S5 +S +8S,,
Lol T TR T Y
% [a] k 2

(49.3) (1+w" = Eﬁ]wﬂs +wS, +w'S, ,
ool 0o ") 2
I s

(49.4) 1+v)™= 7 n]w2k “ S +wlS, +uS, .
ool 0 1" ¥y

Adding (49.2), (49.3), (49.4), we obtain, as 1 +w + wz =0,

2™ 4 (1+0)" + (1D = 35 = 34(n)

0
so that

Aln) = %—(Zn + (*Wz)n + (—w)n) .
Hence we have

$@426DY , if nz0 (med 3,

%(2“1.. D%, if nZ0 (mod 3) .

A(n) =
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50, For each integer n 2 1 , prove that there is a polynomial

pn(x) with integral coefficients such that

x"P(1-0" & 1Dy G0+ (DD

Define the rational number a by

(~1)”“1J1

n An-l 0

(50.0) a pn(x) dx, n=1,2,...

Prove that a satisfies the inequality

M- a | < =1,2,...

Solution (due to L. Smith): Let Z denote the domain of rational
integers and Z[{i] = {a+bi: a,be 2}

the domain of gaugsian integers. For n = 1,2,3,... set
4n 4n n,n
(50.1) qn(x) =x (l-x) - (-1) 4,

S0 qn(x)E:Z[x] . As qn(ii) a(, qn(x) 1s divisible by =x+i and

x-i in Z[illx] , and so p (x) = q (0)/(x*1) €2[i][x] . However
pn(x)e:R[x] , and as R[x]n Z[i][x] = 2[x] , we have pn(x)taz[x] .

This proves the first part of the question.

For the second part, we note that

x*0(1-0) 4P Gy 4 D0
1+x2 1+x%
so that
1 1 1
4n 4n
x (1 g) dx = pn(x)dx + (*1)n4n dx
14x 1+x
1 dx b
Now, as L)~$§? =7, e have using (50.0)
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1
y xan(l—x)&n
m-a | = =3 > dx .
n 4 I+x
0
Now
n 4n
by (1-;) < xAn(l_x)An < “%H ,
1+x% 4
as x(l=-x) $-% , and thus we have
1
Im = ayl <=y

completing the second part of the question.

51. In last year's boxing contest, each of the 23 boxers from
the blue team fought exactly one of the 23 boxers from the green
team, in accordance with the contest regulation that opponents may
only fight if the absolute difference of their weights is less than
one kilogram.

Agguming that this year the members of both teams remain the same
as last year and that their weights are unchanged, show that the
contest regulation is satisfied if the lightest member of the blue
team fights the lightest member of the green team, the next lightest

member of the blue team fights the next lightest member of the green

team, and so on,

Solution: More generally we consider teams, each containing n mem~
bers, such that the absolute difference of weights of oppo~
nents last year was less than d kilograms.

Let Bl,BZ,..l,B denote the members of the blue team with weights

n

2

bl g b2 § e S bn
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and let Gl’Gz""’Gn denote the members of the green team with

weights
8 3 8, S ... 8 g -

For each r with 1 8 r § n , we consider this year's opponents Br
and G_ . We show that !br - g.| $d . Ve treat only the case

br 2 g, as the case b_ &g is similar, If there exists s with
r<ssSn and t with 1 St §r such that Bs fought Gt last
year, then br -8, s bs T8, Sd. If not, then every boxer Bs
with r < s § n was paired with an opponent G, with r <t $n
last year, and thus B must have been paired with some Gu with

1 $usr last year. Thus we have
br -8, S b1~ - g, $d.

This completes the proof.

52, Let 5 be the set of all composite positive odd integers
less than 79 .
(a) Show that S may be written as the union of three (not
necessarily disjoint) arithmetic progressions.
(b) Show that S cannot be written as the union of two arith-

metic progressions.

Solution: (a) Each member of $ can be written in the form
(2r + D{Q2r + 25 + 1) ,

for suitable integers r 3 1 and s » 0 , and so belongs to the
arithmetic progression with first term (2r+1)2 and common diff-
erence 2(2r+l) . Taking r = 1,2,3 we define arithmetic progres-

sions AI’AZ’AB as follows:
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5 = {9,15,21,27,33,39,45,51,57,63,69,75 } ,

by = {25,35,45,55,65,75}

Ay = {49,63,77} .

It is easily checked that

S = AllJ A2 v A

3 -
{b) Suppose that
S=Av B,
where
A={a,ath,...,ar(m1)b}
and

B={c,ctd, ..., ct(n=-1)d} .

Without loss of generality we may take a = 9 . Then we have either
a+b=15 or c=15. In the former case A=A, and so c =25,
¢c+d =235 giving B = A, . This is impossible as 49 is neither

in A nor B . In the latter case either a+ b =21 or c+ d =21,
If a+b =21 we have A = {9,21,33,45,57,69} and so ¢ + d = 27
giving B = {15,27,39,51,63,75} . This is impossible as 49 belongs
neither to A nor B. If ¢+ d =21 we have B = Al - {9} so
a+b=25 giving A= {9,25,41,...} which is impossible as 41 1is

prime.

53, For b > 0, prove that

by first showing that

bsinx b“ux
L dx--J:Je ginxdx | du .
x 0
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Solution: We begin by showing that for b > O

b, b ,
(53.1) L “:‘"ax - lim L(l - e “2" dx

y o

We have for y > 0

b ~xy sinx
® Le - dx
sin x b _
& max ” Le xydx
0sxsh
-xy | b
= M(b) =y 0
- o DY
= M(b) {l1-e 7)
Yy
¢ M)
y

Letting y—+« we obtain (53.1).

Next we have

b .
L(l - My BB 4y
X
b

1y
= I() Lxe-xudu] su'zxdx

yrb—'ux
*[ Le sinxdx | du .
01

Letting y+*« we obtain

.b sinx b -Uux
- dx = Le sinx dx | du
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o0 ~bu .
“J (1 - e (usmb+cosb))du

1+ u2

o

L r e“bu(u sinb + cosb) d
2 0 1l +u

Hence we have

o v]
ﬁlSlnb + cosb)
1 + u

< Jm ~bu v1+u?
e du
0

1+u?

as required.

54, Let a,,a be 44 natural numbers such that

1’72 44
0 < al < az < o4y < aM $ 125 .
Prove that at least one of the 43 differences dj = aj+1 - aj

occurs at least 10 times.
Solution: We have

423 43
- - - & -] =
d; = E aJ) a,~8 §125-1 = 124 .
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If each difference dj oceurs at most 9 times then

43

Y d, 2 9(L+243+4) + 7(5) = 125.
j=
This is clearly a contradiction so at least one difference must occur

at least 10 times.

55; Show that for every natural number n there exists a prime
p such that p = az + bz , where a and b are natural numbers
both greater than n . (You may appeal to the following two theorems:
(A) If p is a prime of the form &t+l then there exist integers
a and b such that p = az + b2 .
(B) If r and s are natural numbers such that GCD{r,s) =1,
there exist infinitely many primes of the form rk+s , where k 1is

a natural number.)

Solution: Let n be a natural number. By (B) there exists a prime
q >n of the form 4t+3 . Set

m = 2(1%4q) (2%q) ... (n%4q) .
Clearly we have
GCD{(m,q) = 1 .

Hence, by (B), there exists a natural number k such that the number

p=m2k“q
is a prime. Clearly p is of the form 4u+l . Hence, by (A), there

exist natural numbers a and b such that

p = a2 + bz .

Without loss of generality we may assume that a < b . Suppose now

that a $ n . Then we have
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[ =p«-az=mzk-q-a

n
= 4k 11 (r2+q)2 - (a2+q)
r=1

n
2, .2
- (a2+q) 4% T G+t - 1|,
=]
r#a
where the factors on the right hand side of the equality are coprime.
Congsequently they must be squares, but this is impogsible as the

second factor is of the form 4v=-l1 ., Thus we must have b > a > n .

56, Let 1,,3,,...,a be n (21) integers such that
(1) 0 < a, <ay << a
(ii) all the differences a, = aj (1 £j<isn) are distinct,
(iii) a, 38 (mod b) (1 $1$n), where a and b are positive
integers such that 1 §a s b-1l ,

Prove that

Ea 2%n3+(a--)n

r=1

Solution: Let r be an integer such that 2 $r $n . For

1 $j<is$r there are ; = %r (r~1) distinct diff-
erences a, - aj , and these are all divisible by b . Thus the lar-
gest difference among these, namely a, - a; , must be at least

l%r(rﬂ-l) , that is
ar-alz-g-r(r-l) , 25rsSn,

and so

a 2a1+%r(r-l), 28rsn.
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As a, z a {(mod b) there is an integer t such that a, = a + bt .

1
If t £ -1 then a, = a + bt $a-b 35 ~]l, which is impossible as

a; > O . Hence we have t 20 and so a; 2 a, giving

(56.1) a ta+tdr(-l), 2Srsn.

The inequality (56.1) clearly holds for r = 1 . Thus we have

n n )
) a_ 2 an + % S r(r-1) = an + %_,n(n 1)

r=1 r=1 3
so that
n
‘ b 3 b
5 92 -2
) a 2 gu + (a 6)n .
r=1

5/. Llet A = (aij) be the nXn matrix given by

2cost , if 1i=3 ,

a__m
1} L ?
0 , Otherwise ,

i |i-jl=1,
where -7 < t < 1 ., Evaluate Dn = det An .

Solution: Expanding Dn = det A by the first row, we obtain the

recurrence relation

(57.1) D =2cost D - D nz2.
n n=-

1 n-2 ’
We now consider two cases according as t #0 or t =0 , For

t * 0 the values of D, and D, may be obtained by direct calcula-

1
tion as follows:
D, = 2cost u.iﬂlgi ,
1 sin t

and
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D m4(:(:)321:--1

- 2 *
- 4aintcos t - sint
sint

. . 2
m251ntc032t+31nt(2cos t-1)
gin t

sin2tcost + sint cos 2t

sin t
_ sin (2t + t)
sin t
- sin 3t
sin t

These values suggest that

_ sin (n+l) e

(57.2) n sin t

y n=1,2.3,... .

In order to prove (57.2), agsume that (57,2) holds for =n = 1,2,..,,k~1,

Then we have, by the recurrence relation (57.1),

Dk = 2c¢ost ka1 - Dk~2
= 2 cost Sinkt _ sin(k-l)t
sin t sin t
_ 2sinktcost - sin (k-D)t
sin t
, sin (k+D)t
sin t

Thus (57.2) holds for all n by the principle of mathematical induc-
tion,

For t = 0 we have

which suggests that Dn =n+1l, nz21l. This can also be proved

by mathematical induction. We note that
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sin (n+l)t

1i .
w sin t

t+0

=n4+ ],

Remark: The auxiliary equation for the difference equation (57.1) is

xz ~ 2(cost)x+1= 0 ,
which has the roots
exp(it) , exp(-it) , t =0,
* T { 1 (repeated) , t=»0,
giving

{Alexp(nit) + Blexp(-»nit) , t#0,
D =
n

Az + an , t=0,

for complex constants A1 and Bl and real constants Az and B

which can be determined from the initial values Dz = 2cost ,

2 1

D2 = 4coszt - 1, using DeMoivre's theorem in the case t # 0 . One
finds

A = %(l-icotw , B, = %(1+-iumt),

1 1

=B, =1,

A4, = 3,

58, Let a and b be fixed positive integers. Find the general

golution of the recurrence relation

=X, + a + ng + 4axn y n=0,1,2,... ,

(58.0) Xl

where xo =0 .

Solution: From (58.0) we have

2

2 . 2
b" + &axn = 5" + 4a(;n + a + +hax,)

= 4a2 + 4av£2+4axn + (b2+4axn)

+1
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= (2a + 2+Aaxn)2 N

so that

(58.1) Vé2+4axn+l = 2a +~vg2+4axn .

Hence, by (58.0) and (58.1), we have

2
(58.2) X=X o4 + a --Vg +4axn+l .

n

Replacing n by n~l in (58.2) , we get

(58.3) X | "X +a- v{;zmaxn .

n~1
Adding (58.0) and (58.3) we obtain
X a1 T X ™ 2xn + 2a ,

and hence

(58.4) X - 2% +x = 2a .
n n

-1
Setting y i =X =X , in (58.4), we obtain

(58.5) Yo = Voo <28

Adding (58.5) for n = 1,2,3,... yields (as Yo = Xy = %y = a+ b)

= 2an + (a + b) ,

and so xn = an2 + bn .

59, Let a be a fixed real number satisfying 0 <a < T, and set

(59.0)

a
I = I 1l - rcosu
r

| 1 = 2rcosu + ré du .

Prove that

I1 , lim Ir s lim I
r>1t r+1- °
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all exist and are distinct.

Solution: We begin by calculating 11 . We have

a 1 - cosu 2 1
(59.1) Ii = Lam du = L‘i? du = a ,

where we have taken the value of the integrand to be when u = 0.

1
2
Now, for r >0 and r # | , we have

] - 2rcosu+r2 > 2r -~ 2rcosu = 2r(l - cosu) 2 0 ,

g0 that the integrand of the integral in (59.0) ig continuous on [-a,al.

We have

a
- 1 (1 ~ r?)
.- L{z T IT = 2rcosu ¥ r*)} du

a

H

1 2 du
a 5:(1 - ) Lal - 2rcosu + r?

which gives

2
(59.2) I sae =)y
r 2 T
where
a
du
(59.3) Jr Lal-Zrcosu-l-r*
Let twtan% with -a $ u § a so that
2
cosu=l tz,duw zzdt.
1 +¢t 1+t

Using the above transformation in (59.3), we obtain
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1
(59.4) 5= 2 . .,
(1+r)" 2 [l-r}
t° + ==
L I4r
1
where
t, = tan al2 .

Evaluating the standard integral in (59.4), we deduce that

(59.5) J = t:and“lf—r- t:ana/Z]
r 2 l=-r
| 1-x7|
From (59.2) and (59.5) we get
(l-rz) -1 (|14 ]
I =34 222" tan - tan a/2
2 l-r j
127
Hence for r > 1 we have
I.=a-2¢tan ['r—l tanalz] ,

and for 0 < r <1 we have

I = g4 2 tan“]‘ [[}i{] tan a/2]
r l~r

Taking limits we obtain

lim I =a+ 2.
r +1"

= a4 .

i

Thus the quantities I1 , lim Ir , lim “Ir all exist and are all
_ r 1t r—+1
distinct.
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60, Let I denote the class of all isosceles triangles, For
Ael, let by
of A and kA the length of the third altitude. Prove that there

denote the length of each of the two equal altitudes

does not exist a function f of hA such that

kA 2 f(h&) )

for all Ael .

Solution: Let h be a fixed positive real number, For t > 1 let

h(t:+3é-)2
(60.1) a = ——

4(c ““E“)

w1
N b""z(t'l‘"{).

As b < 2a there exists an isosceles triangle A(t) with vertices
A,B,C such that |AB| = [AC| =a , |BC| = b . It will follow that
the choice (60.1) is such that

£+

P,

1

h t
e-xl

t

Baey =R Ky * 3

Let P,Q,R be the feet of the perpendiculars from A to BC ,

B to CA, C to AB respectively, Then we have

2 = ROZ = 2 m 52 a1m2 A = a2 - 2
hA(t) BQ CR a?gin?A = a?(l - cos?A) .

Applying the cosine law to A(t) we obtain

2af - b2
COS A = —5a -

Hence it follows that

2a* - b2 )2 b?
La?

(60.2) SRR [1-{ - = 2 (4a? - b?).

Next, from (60.1), we see that

1 1 1.2
2a-b _ (t+3) 5w _ ele+2) 2 _ (t-2)
h 1. * h 1, ° 2 1,2 °
t{t t) (t ;;-} ba (t+t
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so that

2
9
115 (4a®-b) = n? ,

ba

and thus from (60.2) we have
hA(t) =h.

Applying Pythagoras' theorem in triangle ABP, we have

12
kz =AP2#2-.b_2.=}}i.£t_.+__t.{_
ACt) S S 1.7 °
(t "E)
so that

1
) ,,El_t-{”t'
At) 2 1
t-t

Finally, suppose there exists a function f = f(hA) such that

kA $ f(hA) ,

for all AeI . Then, in particular, one sees that

kaey $Eyy) > e 1,

which implies

o ¥
] T| S £hy , t>1,
t- g
that is
1
(60.3) - o ﬁfh) Lt
t-%

As the left side of (60.3) tends to infinity as t~>+« while the
right side 1s fixed, we have obtained a contradiction, and therefore

no such function f can exist.
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0l, Find the minimum value of the expression

2

x2~%E§} -2
X

(61.0) + (3+2cost+2sint) ,

(l+cos t)x + Eili%ylEL

for x >0 and 0 5 t & 27w , where k > %-+ /2 1is a fixed real

number.

Solution: The expression given in (61.0) can be written in the form
(x - (1+c:ost))2 + (%-" (1+sint))2 )

which is the square of the distance between the point (x ,%) (x > 0)
on the rectangular hyperbola =xy = k in the first quadrant, and the
point (l+cost, l+sint) (0 €t £ 2m) on the circle centre (1,1)
with radius 1 . The condition k > §-+ /2 ensures that the two
curves are non-intersecting. Clearly the minimum distance between
these two curves occurs for the point (vk, vk) on the hyperbola and
the point (1 +'%w , 1'+"§%) on the circle. Hence the required mini-

mum is

c oA a2
2(/12’—C1+/_-2-)) .

62, Let € >0 . Around every point in the xy-plane with integral
co~ordinates draw a circle of radius € . Prove that every straight

line through the origin must intersect an infinity of these circles.

Solution: Let L be a line through the origin with slope b . If

b 1is rational, say b = % , where k and £ are integers
satisfying £ 21 and (k,£) =1, then L passes through the
centres of the infinity of circles all of radius ¢ , centred at

lattice points (£t , kt) , where t is an integer.
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If b is irrational, then by Hurwitz's theorem there are infini-
tely many pairs of integers (m,n) with n # 0 and GCD(m,n) =1

for which

1 L )

ot nl

Z-b
n

<

Choosing only those pairs (m,n)} for which

we see that there are infinitely many pairs (m,n) for which

2
m £ +1
AT T
that is, for which
(62.1) m-bol ¢ |
- Z4)

Since the left side of (62.1) is the distance between the line L
and the point (m,n), L intersects the infinity of circles all with

radius € centred at these lattice points.

Second solution (due to L. Smith): Let L be a line through the

origin with slope b . The case
when b 1is rational 1s treated as in the first solution.

When b 1s irrational, we construct an infinite sequence of
lattice points whose distances from L are less than any given
positive € .

Pick any lattice point (x1 ,yl) vith d, = [yl - bxl[ < 1.
Clearly dl 1s positive as b is irrational. Set

a = k%1 21,
1
so that
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1 ]
pesry LT

(62.2)
1 3

Let (xz ,yz) be the lattice point given by

) (alx1 ,alyl~*l) , if y, 2 bx1 ,
(xz syz) -
(alx1 ,a1y1~kl) , 1if yy < bxl ,
and set d, = |y2 - ble . Clearly, as d, # 0, we may set
(62.3) a, = ki%
. 5 3 .
2
It is easy to see that d2 = ] = aldl , 8o that by (62.2) we have
(62.4) d, < it
) 2 a +1 °

Thus, from {62.,3) and (62.4), we obtain

al < a2 .

Continuing this process we obtain an infinite sequence of lattice

points {(xk ,yk): k=1,2,... } , whose vertical distances d

k
from L satisfy

1
d, < , k22,
k ey t 1
where a, = L , k21 . Furthermore {a : k =1,2,... } 1is a
k dk k
strictly increasing sequence of positive integers.
Finally choose a positive integer N such that % < ¢ . Then,
for all n2 N+ 1 , we have
1 !
dn ‘3 ne v
n-1l N

and the lattice points (xn ,yn) (n > N) are as required.
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63, Let n be a positive integer. For k = 0,1,2,...,2n=2

define

k
X
(63.0) I = [“ 5o OX
0

X 4% +1

Prove that I 2 In- k=20,1,2,...,2n-2 .

k 1’

Solution: For k = 0,1,2,...,2n-2 , (63.0) can be written

a xk
I, = lim e el b'4
k 2 o xZn_i_an
b0t

Applying the transformation x = %-, we obtain

1/b
2n-k-2
Ik = lim 2Zn, n ¥
a+r® y +y +l
b0t l/a

so that Ik = IZn~k~2 .

Now, using the arithmetic mean-geometric mean inequality, we have
for x20,

k n=k~2
(63.1) L """2 >x™ Lk =0,1,2,...,202 .

As x2n+xn+l >0 , we may divide (63.1) by x2n+xn+1 , and integrate

the resulting inequality to obtain

L * Lonek=2

2

2 In—l ?

from which the desired inequality follows.
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6, Let D be the region in Euclidean n-space comsisting of all

n~tuples (xl,xz,...,xn) satisfying
Xq 20 , X, 20 , ..., X e 0 , X + X, + ...+ X g1,

Evaluate the multiple integral

k, k k k
1 72 n n+l
(64 GO) JJ- [ n[ xl xz - e lxn (1 xl XZ LI ] l”xn) dxl LI -dxn ]
D

where kl""”kn+1 are positive integers.

Solution (due to L. Smith): We begin by considering

a
I(r,s) = I x" (a~-x) "dx ,
0

where r and s are positive integers and a > 0 .

Integrating I(r,s) by parts, we obtain

I(r,s) = ?%T I(x+l, s=1) ,

so that

$ s-1 1

I(r,s) e i, SRR e I(r+s ,0) ,
that is
rlsg!
I(r,s) = TeFs) T I(x+s , 0) .
ak
As 1I(k,0) = o for k 2 1, we obtain
+5+1
rlsla’

(64.1) I(r,s) (et .

Now, applying (64.1) successively, we obtain
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k., k k k
. b 1x 2...x Blmx, =Xo=ue =X ) n+1dx e dx
b 1 72 n

1 72 n 1 n
1 1"}(1 l‘xl-xz‘-u . '-x.nwz 1"!(1". . "xn-]_
k k k k
- x 2,20 x o1 . ® (=%, =...~x_ . )=x ) ntl
1 2 "0 n-1 n 1 "7 Tn=1" Tn
dx ...dx
x,=0 xzmo X -1 0 X 0 n 1
1 1=-x lex, =, . .~%
1 1 n=-2
|
i kn!kn+1‘ xkl xkz xkn_l(l“x - )kn+kn+1+1
T o(k k41! 1 Tt -1 1 n=1
n i+l
dxn__l...dx1
xle xsz xn_1=0
1 1-x =g, =,..~% k 4k +
k 1k !k ! k| K Ly o n=ln
- n~]1" n n+l < 1 « 2 N n-2 (1-x. .. .=x kn+1+2
(kn~1+kn+kn+l+2)! 1 2 n=-2 1 n~2)
dx veedX
xl 0 xz 0 X .9 0 n~2 1

' ! !
kl'k2""kn'kn+l'

= ' L]
(k1+k +...+kn+kn+l+n).

2

b5, Evaluate the limit

- lim L 2/&]_ [_.@
" nl.’;inkzl[% 2»&2]

2
Solution: We show that L = %T - 3 . TFor any real number r we have

0, if [2r] 1is even,

[2r] = 2[r] =
1, if [2r] 1is odd .

Hence we obtain
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k=]
[ZJE] odd

f(n) n
= E 1,

s=] k=1
[2@»]%4—1

where £{(n) = [i%iﬁ%m:ml} . Next we see that {2{%} @ 28 + 1 if

and only if
4n 5 <k $ 4n y
(2s+2) (2s+1)

n
z | = { 4n 1 _ [ 4n
2 2
1 (28+1) (2s+2)7 | .

k=
[z\[%msﬂ

4

and thus

o bn 5 - 4n 7+ E{ ,
(2s+1) {28+2)
where |E1| <1 . Hence we have
f(n)
%A(ﬁ)=&z[ 12“ 12+E2,
s=1\(2s+1) (2s+2)
where
f(n) . f(n) ., /n_ 1
|E2| S o IEII S iW A

Letting n-—+e gives
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o ! 1
L=l 2 2] ’
s=1| (2s+1)  (2542)°)

that is,

B
o)

- 1
24 °

66, lLet p and q be distinct primes. Let S be the sequence

consisting of the members of the set

{p"q": myn = 0,1,2,... }

arranged in increasing order. For any pair (a,b) of non-negative
integers, give an explicit expression involving a, b, p and q for

the position of paqb in the sequence § .

Solution: Without loss of generality we may suppose that p < gq .
Clearly paqb is the nth term of the sequence, where

n is the number of pairs of integers (r,s) such that

Set

_ b dngq
k—ﬂ'f‘l:m],

k .
so that p  is the largest power of p less than or equal to paqb.

Then we have
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k

- X 1
r,s = 0
rnp+slnqgalnp+bing

. lf'[aﬂnp+b£nq-r£np] +1]

r=0\ bnq
k ,

} (a-r)ﬂn] + ]
rzolb+ ["T“_an 1 ,

gso that the position of paqb is

k
(k+1) (b+1) + ) [%B]

r=0

6/, Let p denote an odd prime and let Zp denote the finite
field consisting of the p elements 0,1,2,...,p~1 . For a an
element of Zp , determine the number N(a) of 2x2 matriées X,
with entries from Zp , such that

(67.0) X% = A , where A = [a 0] .

0 a

Solution: It is convenient to introduce the notation

0, if a=0, P

1, if a = bn2 for some non-zero element b of Z_ .,
k(a) =
-1, otherwise .

We will show that

p2+p+2 , if k(a) =1,

67.1) N(a) = o2 if k(a) =0,

pzwp , if k(a) =-1.
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We note that if k(a) = 1 , so that there is a non-zero element b
of 7 such that a = bz , then the only other solution of a = xz
p
is x = -b .
Let X = [ x y] , where x,y,z and w are elements of Zp , be a
z W

matrix such that X2 = A . Then we have

(67.2) x2 + yz = yz + w2 =a ,
(67.3) x+wy=(x+wz=0,

We treat two cases according as (1) x+w=0 or (ii) x+w =0 .

In case (i) the equations (67.2) and (67.3) become

(67.4) % + yz = a .

If k(a) =1, say a = b2 , b=z 0, then all the solutions of (67.4)

are given by
(X,Y,Z) = (ibioio) s (ibst’O) ’ (ib,ott) N (U’t:t—l(bz“uz)) ’

where t denotes a non-zero element of Zp and u denotes an ele-
ment of Zp not equal to *b ., Thus there are 2+ 2(p-1)+2(p=~1)
+ (p=2) (p~-1) = p2 + p solutions (x,y,z,w) in this case.

If k(a) =0, so a =0, then all the solutions of (67.4) are
given by

1

(x,y,2) = (0,0,0) , (0,t,0) , (0,0,t) , (t,u,-tzum ),

where t and u denote non-zero elements of Zp . Thus there are
1+ (p~1) + (p~1) + (p-l)2 = p2 solutions (x,y,z,w) in this case.
If k(a) = -1 , so that a is not a square in Zp , then all

solutions of (67.4) are given by
(x,y,z) = (O,t,at-l) . (t,u,(a-tz)uﬂl) ,

where t and u are non-zero elements of Zp . Thus there are

(p~1) + (p*l)2 = p2 - p solutions (x,y,z,w) 1in this case.
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In case (ii) the equations (67.2) and (67.3) become

x=w=®0, x2 =a,vy=2=0,

which clearly has two solutiong if k(a) = 1 , and no solutionsg if
k(a) = 0 or -1 .

Hence the total number of solutions is given by (67.1).

68, Let n be a non-negative integer and let f(x) be the
unique differentiable function defined for all real x by

(68.0) (f(x))2n+1 + f(x) - x=0 .

Evaluate the integral

.4
[ £(t) dt .

for x2 0.

Solution: The function y = f(x) defined by (68.0) passes through
the origin and has a positive derivative for all x ,
Hence, there exists an inverse function fﬂl(x) , defined for all x,
and such that f”l(O) =0 ., Clearly we have f-l(x) = xzn*l + X
When x > 0 , the graph of f(x) lies in the first quadrant, as

£(0) = 0 and f 1is increasing. Thus for all x 2 0 we have

X £ (x) -1
Lf(t)dt*L f "(t)det = x£(x) .

Now

£(x) f (x) 2n2 2
L £ at = L ™ 40 ae = (f(ﬁlz + (f(’z‘)) ,

s0 that
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X 2nt2 2
(£(x)) _(£00)

- 2n+l
2n+2

xE() - 52w (£6)7 .

69, Let f(n) denote the number of zeros in the usual decimal
representation of the positi#e integer n , so that for example,
£(1009) =2 . For a>0 and N a positive integer, evaluate the
limit
Lp. §(N)

L= Thy

N o

where

N
sy = § af®
k=1

Solution: Let £ be a non-negative integer. The integers between

IOL and 10£+1~1 have Z+1 digits of which the first 1is

necessarily non-zero. The number of these integers with 1 (0£i54)

of their digits equal to zero is f 9£-x+1 .

Choose m to be the unique non-negative integer such that

10%-1 5N < 10™h -1,

80 that
[zn (N+1)]
In 10

Then we have

m m

107 -1 wm-1 101
SUOP-1) = ) o ) Ty Lf
=] i=0 k=1

f(k)=i
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m=l . 101
= a z 1
i=0 k=l
£(k)=i

£+
m=1 . o1 107 "-1
- 12 ) 1 1.

is0 £=0 .ot
f(k)=i

Appealing to the first remark we obtain

m'l ' m-.-l -l
s(1o"-1) = J a* [§}9£ 1+l
i=0 £=0

2 ‘e 0[ [%],.

- mg;95+1[1 +

m=1
=9} a+ 9t

£=0

that is
s(10™-1) = ¢((a+9)™ - 1) ,

9
where ¢ = a8

As
$(10%-1) § s < s(10™ 1)
we obtain

c(at)™ € S(N)+¢ < c(a+9)m+l

Taking logarithms and dividing by m , we get
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L

e . pn(ar9) € Lonsan+e) < 28+ B pyiargy |
m m m m

Letting N+~ , so that m-® , we deduce that

lim %zn(sw)m n(a+9) .

N o

Hence we have

. 1
lim EMS(N)

N+

= lim %zn(s(N)m) - %ﬂn[l *E;"(%T]

N+

= Ln(a+9) ,

and so

. Zn S(N) _ Zn(a+9)
e = Tn 10

N+

70, Let n 22 be an integer and let k be an integer with
2 sk gn . Evaluate

M = max { min (a,

-3, )
s Uigigk-y '+ ’

where $§ runs oﬁer all selections § = {al’aZ""’ak} from

{1,2,...,n} such that a < a, ¢ ... < a

1 2 k
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Solution (due to J.F. Semple and L. Smith):

We show that M = [EE%] . We consider the selection §%
given by
a.lu(i.wl)[%}] +1, 15isk,
which has

-1 .
ai+1"ai="[-:'f], lS.lSkl.

Thus for 8* we have
. ~ Ta-1
15?;2m1(ai+1 a:’L) " [kal] ’

so that M 2 [%E% . - In order to prove equality, we suppose that

there is a selection § with
. n~1
15}‘;&_1(*‘14-1 ag) 2 [E-'-“f] 1.

Then we have
k-1 -]
n~1 2 a -a, = izl(ai+1"ai) 2 (kml)[ [ﬁ?ﬁﬂ 44] > n~1,

which is impossible. Hence any selection has min (a.+1mai)*<[?:i]+1,

' nq b =
which proves the required result. 1518k-1

71, Let az’ + bz + c be a polynomial with complex coefficients
such that a and b are non-zero. Prove that the zeros of this

polynomial lie in the region

(71.0) 2| s (%‘ +

&
b
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Solution: Note that

o Tac = bl || -
ﬁibll-i»-%ﬁ
S]b|[1+—2~£ﬁ]
- o] + 2
so that

and hence the solutions of azz + bz +¢ = 0 satisfy (71.0).

Second solution (due to L. Smith): Let w (#~1) be a complex number,

The inequality

W
(71.1) W] + g 2 1

3

is easily established, for if |w+l| 2 1 then (71.1) clearly holds,
while if 0 < |w+l| < 1 then

W

k1] +

> lwbl] + v > 1.

Let 2,2, be the roots of the given quadratic chosen so that

2] $]z,] . As a and b are nom-zero, z, ®* 0 and z+z

2 172
and setting w = zllz2 (#~1) in (71.1) we obtain

=0,
2,2,
1%)
|2,] 8 2142, + 2 2,]

The inequality (71.0) follows as zy +2z, =~

o
=
(=W
2]
3

I
®fo
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/7. Determine a monic polynomial £(x) with integral coefficients

such that f(x) = 0 (mod p)} 1is solvable for every prime p but

f(x) = 0 is not solvable with x an integer.

2
X

x2

Solution: If p =2 or p =1 (mod 4) the congruence x2 + 120

3 (mod 8) the congruence

(mod p) 1is solvable. If p

7 (mod 8) the congruence

iH

0 (mod p) 1is solvable. If p

it

+ 2

- 220 (mod p) 1s solvable. Set

[H

F(x) = (x241) (x242) (x-2) .

Clearly f£(x) 1is a monic polynomial with integral coefficients such

that f(x) = 0 is not solvable with x an integer.

73, Let n be a fixed positive integer. Determine

M = max L R T
0sx, S1 18i<jsn t
k=1,2,..,.,n

Solution: Without loss of generality we may assume that

0 s X g X, £ ... § X <1,

so that

The sum S has n{n~1)/2 terms. For each k, 1 $k$n, x

k

appears in k-1 terms in the left position and n~k times in the

right position. Hence we have

As

a o
5= ) x ((k-1) - (0)) = } x (Qk-n-1) .
k=1 k=1
2k=n-1 < 0, for k< otl , Wwe have

2
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ss x, (Zk-n-1) ¢ ) (2k-n-1) .

n+l ]
—2-$k$n Tﬁkﬁn
Thus, for n even, we have
v 2
S ] (ken-1) = 14345+, .4(n-1) = n°/4 ,
n
k -i-'l"l
and for n odd
v 2
S< ] (2k-n-1) = 2+4t6+.. +(n=1) = (a°-1)/4 .
ka}}:‘._l

Thus we have

For n even, the choice

»
B
=
#
B
>
L
<
»
ii
]
e
u
—

gives
= n%/4

2

and for n odd, the choice

X * Xy = ... om %E:L =0 |, %Eii ERER W 1
2 2
gives
S = (n>-1)/4 .
This shows that |
M = [n?/4] .

74, Let {xi: i=1,2,...,n} and {yi: i=1,2,...,n} be two

sequences of real numbers with
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X, 2 X

[ 2%y 2 cen 2%

2 L BN B ) n L]
How must Yioerea¥y be rearranged so that the sum

(74.0) E (x; -

1=]
is as small as possible?
1L . th . .th
Solution: Suppose the i term y, 1is smaller than the j term

yj , 1 €1 <jgn ., Interchanging A and yj produces

a new sequence
S ERTTE R
with
Vi if kz21iorj,
2, = Y if k=1,

Y if k=j.
Moreover we have
n 2 2 2 2 2
b (2t = ] Gyt + Gyt O A A N
k=1 k=1
where
2 2 2 2
((xi'yj) *l-(:':j yi) ) ((xi yi) +(xj yj) )
= (yi"yj)(in-yi*yj) + (yj*yi) (ij"yi-yj)
= 2(yi~yj)(xi-xj)
s0,
so that

2 (x “Z ) s z (x -yk 2 .
kﬂ
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Hence every such transposition decreases the size of the sum (74.0),
and the smallest sum is obtained when the y; are arranged in

decreasing order.

75, Let p be an odd prime and let Zp denote the finite field
consisting of 0,1,2,...,p~1 . Let g be a given function on 2
with values in Zp . Determine all functions f on Zp with values

in Zp , which satisfy the functional equation
(75.0) f(x) + £(x+l) = g(x)

for all x in Zp

Solution: Replacing x by xt+k (k =0,1,2,...,p=1) in (75.0), we

obtain
(75.1) f(xtk) + f(xtk+l) = glx+k) .
Hence, using (75.1), we have

p-l p=1
I -1 gt = 3 CDR(EGr) + £ (xHcHD))
k=0 k=0

p-l
k{ (("1)kf(x+k) - (*1)k+1f(x+k+1))
=()

= £(x) - (~1)P£(x+p)
= 2f(x) ,

so that there is only one guch function, namely,

.y bl
£G) = 270 Y (1) g (k)
k=0
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76, Evaluate the double integral

1l 4o
(76.0) IaJL-l-—’f—Y—
, Xy

Solution: Set § = {(x,y) | 0sxs$1,08ys1}

For 0 <g <1 get

R,(e) = {(x,y) | 0sxs1,08ys811},
Ry(e) = {(x,y) | l~e sx$1,08ys1-¢},
R(E) = R () U Ry(E)

s0 that
R(e) =S - {(x,y) | l~esx81,1~esys11},

Then, for j = 1,2 , we set

I.(c) = ” _gxdy
i
Rj(e)

- 1 e *
The function =% 1s continuous on the square S except for a

discontinuity at the corner (x,y) = (1,1) , so that (76.0) becomes
I= lin ” T 2 lim (1,(0) + 1,(0)) |

1 - xy >
g0t R(E) e+ 0

For n a positive integer and for j = 1,2 , we set

Jj(E,n) - ” (1 4 xy + x2y2 S xn-lynwl) dx dy ,
R, (e)
J
&0
K.(e,n) = J[ -T*~x-dxdy .
- Xy
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2 2 n-1 n-1 xnzn
As l+xy+xy + ...+x 7y + 1o X7
n n nn
S l=-xy XY
1l - xy 1 - xy
- 1
1 -xy °?

we have, for 3 =1,2;0<e<1l;nz21,

(76.1) Jj(s,n) + Kj(e,n) = Ij(e) .

Next, as the largest value of xy on both Rl(a) and Rz(e) is

l-¢ , we have

Xy | a-at R (¢) and R.(c)
1 - xy € ? 1 an 2 !
50 that
f n
T, g1,
lKj(E,n)| S o
n
£i1§lm- e(l-g) , j=2.

\

Hence for 0 < g <1 we have

lim Kj(e,n) =0 , j=1,2 .

n -

Next, for j = 1,2 , we have

n~1
J.(e,n) = ” [ E xmym] dx dy
] m=0
Rj(e)

Azl m m
= Z ” Xy dxdy ,
w=0 Rj(e)
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50 that .
n~1 (l-€ n 1 -
J, (e,n) = ) L x dx. Ly dy
m-O’
- il (1-g)™! L]
=0 m+l m+]
) n”l (1_€)m+1
10 (mtl)?
giving
o a1l
1im Jlfg’n) - 2 -Q.'_Q_T .
n+ m=0  (mt+l)

and similarly

o m] it 2m+2
}Aim Jz (E,n) = Z MT - M«.LT_.
nsw n=0 (m+l) m=0 (m+1)

Letting n-« in (76.1), we obtain

°§ (1-)™"
2

o=0  (m+l)
I(e) = )
2 m=0 (m+1)2 ) (m+1)2

I}.(E) -

¥

(1-9)™ T ()T

?

50 that

oo™ T (-2
I,(e) + 1,(€) =2 } - )
: 2 om0 (@) @0 (wbl)?

]

Hence, by Abel's limit theorem, we have

IVIM“” lim (I,(€) + 1,(€))
o L - e::g“*'(l 2

0
T O
-2 1 7- L —=
m=0 (m+l) m=0 (m+l)
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2
that i I = 7 /6 .

7/, lLet a and b be integers and m an integer > 1 .

(8]« feee] + ] o s [lman]
m m’ in m

Solution: Our starting point is the identity

Evaluate

(77.1) )

x=0

k-1
i

X4 e} = [ek] ,

where k 1is any positive integer and e 1is any real number. As

{y} =y - [y] , for any real y , (77.1) becomes

k-1 |
(77.2) ) {E- + e} = 5 (k=1) + {ek} .
x=0

For fixed k and e ,*{% +-e} is periodic in x with peried k .
If ¢ 1is chosen to be an integer such that GCD(c,k) = 1 , the map-
ping x*cx 1s a bijection on a complete residue system modulo k .

Applying this bijection to (77.2), we obtain

k-1

(77.3) y {-‘31-:-‘- + e} - -%(k--l) + {ek} .
x=0

We now choose ¢ = a/GCD(a,m) and k = m/GCD(a,m) , so that

GCp(c,k) =1, and e = b/m . Then (77.3) becomes (keeping k in

place of m/GCD(a,m) where convenient)
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k-1
z axtb{ _ 1 m -1+ b
g L D 2 |GED{a,m) GCD(a,my | °

and so0

mgl {ax+b} _ GCD(?{m)-l kgl {a(y+kz) + b}

x=0 ¢ T z<0  y=0 .
_ GCD(ifm)~l kil {a +b}
z=0 y=0 m

- .%.(m - GCD(a,m)) + GCD(a’“‘){‘c“cD(ba,m)} '

Finally, we have

mfl ax+b] = 3@-1) +b - H@-6CD(a,m)) - GCD(a,m){smr
mt 2 p meeeaLm &0 \Ge(a,m | °

x=0

that is

m

mgl ax+b
GCD(a,m)

] = 3{am-a-m+GeD(a,m) + ccn(a,m){m..?mw},
x=0
Remarks: The identity (77.1) is given as a problem (with hints) on

page 40 in Number Theory by J. Hunter, Oliver and Boyd, 1964.

78, Let a,,4+2,3 be m (>1) distinct real numbers. Set

S = af + ... 4+ a2 , M= min (a. - a.)2 .
15i<jsn *
Prove that
S 5 n(n~1) (n+l)
M 12
Solution: Relabeling the a's , so that a, < a, < < a

1 2 L ) n ’
preserves the values of § and M .
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» 2 2 . [ L -
Let min a, = a, , where ] 15 a fixed subscript. Then, we have
181¢n ]
a; >0, for 1>3,

a, < 0, for 1<j,

Next, min (a.
1$ign-1 H

= & N

Define bi = aj + M (i~7), i=1,2,...,n, so that

- a.}) =vY min (a.+l ~a, )t = vymn (a, - a,)?
1isn~1 * ' 1$i<jsn

b. =b, + /M (-1) .
1 1
Then, for 1 > j , we have

a. = (a, - a. + (a. - a,.
1 ( 1 1—1) ( i~

1 1*2) + ...+ (aj+1 - aj) + 2

2 M (L-3) + 2

ab.
1

24, 2 " a. ,
i i

4 > - + .
that is a, 2 bi 2 -a 1 >1 .
Similarly we have
2y g bi 5-—ai s, 1< 3.

2

Thus, we obtain ai 2 bi i=1,2,...,n) , and so

no, no, l 2
S= Yar 2 }bi= Y(b, + M (i-1))

. i . 1 . 1

i=] 1=] 1=]

n(bl + Jﬁ(ngl))Z 4+ {n=L)n(ntl) M

12

(n=1)n(n+l)
12

1w

M.
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79, Let Xjs+e.,X  be n real numbers such that

n

kzltxk‘ "o kzlxk 0

Prove that
X
k 1 )
(79.0) ] — S .
k*lk 2 2n
. 2n
Solution: For 1 § k § — we have
e n+l
2 1 i
< Et 1 -2 -
0 g T 1 - g1 =
and for Jéi*ﬁ k §n we have
n+l
0st1+i-2¢1-1
n k n
s0 that
2 _,_1 _ 1 <
(79.1) Ik 1 nl g1 = l1SkSn.
n
Thus, as ) x, = 0 , we have
k=lxk
1 x n
D= 31 E-1- Y
k=1 k=l
n
1 2 1
s =) E-1-2|x|
2k~1 k n'k

1 Iy &
$5(1- ;)kzllxkl , by (79.1) .

n
The inequality (79.0) now follows as 2 ‘xkl = 1.
k=1
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80, Prove that the sum of two consecutive odd primes is the

product of at least three (possibly repeated) prime factors.

Solution: Let Py denote the nth prime number, so that Py = 2,
Py = 3, Py = 5, «.. » For n22, we consider
q =P, + Pl Clearly g, 1s even. 1f q, has exactly one
prime factor then q = 2" for some positive integer k , and as
q 23+5= 23 we have k 2 3 proving the result in this case.
If q  has exactly two distinct prime factors, then we have
n
k £ eoe .
q, = 2p  for positive integers k, £ and an odd prime p . If
k22 or £22 the result holds. If k =£ =1 then, as

>
Popp - Py > Ve have

1
Py < -2'(pn + pn-i-l) p< Pyl ?

which is impossible as P, and Poep ¥ consecutive primes. This

completes the proof.

81, Let £(x) be an integrable function on the ¢losed interval

[7/2,7] and suppose that

i
(81.0) L £(x) sinkxdx = {(1) ? lt. i ksol,
/2 3 n .

Prove that [f(x)| 2 L on a set of positive measure.
min 2

Solution: From (81.0) we have

T
n

(81.1) ) £(x) sinkxdx =1 .
k=12
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Interchanging the order of summation and integration, and using the

identity
n cos% ~- cos(n+~}5_~)x
Esinkx- ” » 0 <x <21,
k=1 2 siny
(81.1) becomes
m (cos-g- ~ cos(n+%-))
£f(x) = dx =1 .
/2 2 sinz
Suppose |f(x}| < ”-}}mﬁ};ff on [I‘f’ 7], except for a set of measure 0 .
Then we have
lcos-g- - cos(n-t--é—)x
15 {|E)] - dx ,
/2 2 sm-2-
giving
™
1 dx
(81.2) 1< —3 / i
2 2

Now Jordan's inequality implies that

and so, on [-Tzl, ], we have

(81.3) ~
51N '2-

Using (81.3) in (81.2) we obtain
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which is impossible. Hence |f(x)| 2 Eﬂ%?i on a set of positive

measure,
8, For n =
(82.0) s
6n+1 ) a " » »
where a = T Show that lim s exists and determine its
n n 0 o0
value.

Solution: First we show by mathematical induction that the sequence
{sn: n=0,1,2,... } is non-decreasing. Note that

9
so = ] < J; = sl . Assume that S.-1 pS sn . Then we have

sn * an Sn-l an+1 sn Sn+1

Next we show, also by induction, that the sequence

{sn: n=0,1,2,... } is bounded above by 2 . Clearly S = 1 <2.
Assume that 3n»1 < 2 , Then we have

8 =3/a + 3 <36+ 2 =2
n n n

-1

Thus L = lim s_ exists. Letting n-=+® in 33 =a + 3
o+ n n n

~1

we obtain L3 = 6+ L, so that L = 2 .,

83, Let f(x) be a non-negative strictly increasing function on
the interval [a,b], where a < b , Let A(x) denote the area below

the curve y = £f(x) and above the interval [a,x], where a $x S b
so that A(a) = 0 .

Let F(x) be a function such that F(a) = 0 and

(83.0) (x' = x)E(x) < F(x') - F(x) < (x' ~ x)E(x")
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for all a $x<x'£b . Prove that A(x) =F(x) for asxsb.

Solution: Clearly A(x) satisfies the inequality (83.0). Assume
that A(x) and F(x) are not identical on [a,b]. Then
there exists ¢ with a < ¢ §b such that A(c) = F(c) . We

partition the interval {a,c] by

o
+

where n is a positive integer and k = 0,1,2,...,n . Then we have

oo ) <At - A < ERe) = 1,200 .

Summing from k =1 to k = n , we obtaia
(83.1) 2f< ) < A(e) < =2 z £(x) .
k=0 xk k=] xk
Similarly we have
(83.2) £2 Zf( ) <Fe) <=2 ) £(x)
k=0 xk kzl xk
From (83.1) and (83.2) we obtain
[Ae) - F(c)l < ((c=a)/n)(f(c) ~ £(a))
go that (as A(c) = F(c) )

(c~a)(f(c) - £(a))
{A(e) = F(c)|

This is a contradicton for sufficiently large positive integers n ,

B4, Let a and b be two given positive numbers with a < b .
How should the number r be chosen in the interval [a,b] in order
to minimize
(84.0)

r - X

M(r) = max ?

asxsb
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Solution: For a & r £ b we have

|

i
—
.
.
T
»
1A
~

H

sxshb,

=
|
®in
'_l
Hh
e

and so

M(r) = max [§ -1,1~ %]

Thus, for any ¢ in the interval {a,b], we have

min M(r) = min max (= -1, 1 —-%]
asrsb asrsb
- ; r. -0
= min [ min max (a 1,1 b]’
asrsc
. Y |
min max[-—~1,1-——)
cSrsh a b
Choosing ¢ to be the point in [a,b] such that
c ¢
-l=1-%
that 1is
_ 2
€T’
we have
. r r . ol ¢
min max [w~~ 1,1 - w-] = min [1 - m) = ] -
asrsc a ° 7 agrse b b
and
. r Ty ¢
min max (Z -1, 1~ E—) = min - 1) =2 1
S 9, cirsh
g0 that
. b-a
min M(r) =1 - ¢ (= Sa) =22
a<r<h b a at+h

and the required r is (2ab)/(at+h) .
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85, Let {an: n=1,2,... } be a sequence of positive real
numbers with 1lim a = 0 and satisfying the condition
n-+om

a - a > a -4 >0 . For any € >0, let N be a positive

o«
integer such that ay § 2¢e . Prove that L = 2 (-1)k+1 2, satisfies

the inequality k=l

N
(85.0) L -} D¥a | <e
k=1 k

n
Solution: For n a positive integer, we define S = z (--I)H‘l a, .
Tog=1

We have

[»n]
n
L= Sn + (-1 z (an+r - an+r+1)
r=1
and
n-1 .
L Sn-l + (-1 rzlcan+r+1 an~+r) ’
As

“ g > a - a we have
an+r—~1 nkr kT n+r+l ?

(85.1) |Sn - 1| < Isn~1 - 1| .
Since a_= |8 =~ S .| and L lies between § and S§_, we
n n n-1 n-1 n
have
(85.2) a = |[s -L[+]s _, -1].
Taking n = N , where ay < 2¢ , we obtain
|SN -Ll] <¢

as required,
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36, Determine all positive continuous functions f(x) defined
on the interval [0,m] for which
m

(86.0) f £(x) cosmxdx = (-1)"(2n+l) , n = 0,1,2,3,4 .
0

Solution: We begin with the identities

cos 2x = 2c052x -1,
cog 3x = 4c033x - 3cosx ,

cos dx = Bcosax - 8coszx + 1,

Hence
cos 4x + 4 cos 3x + 16 cos2x + 28 cosx + 23
= 8coshx + 16cos3x + 24c032x + l6cosx + 8
= 8(c032x + cos x + 1)2 ,
and so
m 2 2
8J f(x)(cos"x + cosx + 1)" dx
0
= 9 + 4(-7) + 16(5) + 28(~3) + 23(1)
= ( ,
which is impossible as £(x) is positive on [0,7] . Hence there are

no positive functions f£(x) satisfying (86.0).

87, Let P and P' be points on opposite sides of a non-
circular ellipse E such that the tangents to E through P and
P' respectively are parallel and such that the tangents and normals
to E at P and P' determine a rectangle R of maximum area.
Determine the equation of E with respect to a rectangular coordin-
ate gystem, with origin at the centre of E and whose y-axis is

parallel to the longer side of R .



SOLUTIONS (86-87) 153

Solution: We choose initially a coordinate system such that the
equation of E 1is E; + %; =1 ,a>b>0. The points
Q= (acost , bsint) (0 st $2m) and Q' = (-acost , =bsint)
lie on E and the tangents to E through Q and Q' are parallel.
We treat the case 0 $ t § n/2 as the other cases n/2 §t S,
TSt $3n/2, 3n/2 5t S 2m can be handled by appropriate reflec-
tions.
Let the normals through Q and Q' meet the tangents through
Q" and Q at T and T' respectively. Our first aim is to choose

t so that the area of the rectangle QT0'T' 1is maximum. The slope
-bcost
~asint
the lines Q'T and QT are respectively bcostx + asinty + ab = 0

of the tangent to E at Q' is , and so the equations of

and asintx - bcosty - (a2~b2) sintcost = 0 . Thus the lengths
|QT| and [Q'T| are given by

e gr| - AEhdainioenl
yalsinit + bfcos?t °* Jalsin?t + blcosit

tcost

lor] =

The area of the rectangle QTQ'T' is clearly

&ab(az-bz) tant

aztanzt: + b2

. 2 ) ) .
whose maximum value 2(a2-b ) is attained when tant = -Z-. In this

case

lQr| _ a2+b2
Q] ” (22

> 1,

. . ) az b2
so that R 1s not a square. Thus P 1is the point [757157"73733?%
and the slope of the tangent at P is -1 . Rotating the axes

through w/4 clockwise by means of the orthogonal transformation

(x,y) ~ (X,Y) , where X = 1

i (x+y) , we find the equa-

1
/'f(xy),Y

tion of the required ellipse is
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(x+1) . x-n? _

2a2 2b2

1.

88, If four distinct points lie in the plane such that any three
of them can be covered by a disk of unit radius, prove that all four

points may be covered by a disk of unit radius.

Solution: We first prove the following special case of Helly's
theorem: If Di (1 =1,2,3,4) are four disks in the

plane such that any three have non-empty intersection then all four

have non-empty intersection. Choose points W,X,Y,Z in D,aDD

17273
le*,sz?D4 . DlnDBﬂD4 . Dan?,nD4 respectively., We consider two cases
according as one of the points W,X,Y,Z is in or on the (possibly
degenerate) triangle formed by the other three points, or not.

In the first case suppose that Z 1is in or on triangle WXY.

Then the line segments WX,WY,XY belong to D,nD D 0D3 , D.nD

172 7] 1 74
respectively, so that triangle WXY belongs to D1 , and thus 2
belongs to D1 . Hence Z 1is a point of Dlrlnzr\D3n Da .

In the second case WXYZ is a quadrilateral whose diagonals
intersect at a point C inside WXYZ . Without loss of generality
we may suppose that C 1s the intersection of WY and XZ . Now

the line segments WY and XZ belong to Dlh D3 and Dznb4

respectively. Thus C 1is both in D r703 and in D2r104 , and so

1
in DlnDZQDBnDA'

To solve the problem let A,B,C,D be the four given distinct
points. Let G be the centre of the unit disk to which A,B,C
belong. Clearly the distances AG,BG,CG are all less than or equal

to 1, and so G belongs in the three unit disks UA,UB,UC centred

at A,B,C respectively. Thus any three of the four disks UA’UB’UC’UD

have a non-empty intersection, and so by the first result there is a
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point P in UAr1UBr1UCr1UD . The unit disk centred at P contains

A, B, Cand D .

89, Evaluate the sum

P

S- A—————

nw-»'-ln-lmz--r'u2
men

Solution: For positive integers m and N with N > m , we have

N N
' 1 1 1 |
AmN) = ) el [;:.;“a“rm]
n=l m -n n=]

n+m n*m

1 3
= o (s(N+m) - S(N-m)) - —
4m

where for r = 1,2,3,... we have set

$(r) = i %{»n nr +c+ E(r) ,
k=1

¢ denoting Euler's constant and the error term E(r) satisfying
A
|E(1")| S'l'_' 3

for some absolute constant A . Then

lim (S(N+m) - S(N-m))

N=+w

= lim [En.ﬁggﬂ + E(N+m) - E(N~m)]

N+
=
and so
lim A(m,N) = - 2 ,

N 5o 4m2
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and thus
M
S= 1lim ) lim A(m,N)
M—)'OO mnl N+oo

3 L
*"“'Z lim I m2
M~>® np=]
#mﬁ
8 L]

Q0, If n is a positive integer which can be expressed in the

2 2 . ]
form n = a2 +b" + ¢ , where a,b,c are positive integers, prove

- . 2k .
that, for each positive integer k , n can be expressed in the

form A2 + B2 + 02 y where A,B,C are positive integers.

Solution: We begin by showing that if m = x2 + y2 + z2 , where

X,Y,2 are positive integers, then m2 = X2 + Y2 + 22 ’

where X,Y,Z are positive integers. Without loss of generality we

may choose x 2y 2 2 . Then the required X,Y,Z are given by

waz-l-yz-zz , Y =2x2 , 2= 2yz,

Letting 2k = 2% (25+1) , where r21 , 82 0, we have
n2$+1 = (nsa)2 + (‘nzb)2 + (nsc)2 ,
and applying the above argument successively we obtain

r
IR L S L I e

where X,Y,Z are positive integers.

01, Let G be the group generated by a and b subject to the

relations aba = b3 and bs =] . Prove that G 1is abelian.
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Solution: It suffices to show that a and b commute. The relation

aba = b3 gives b—lab - b2a7? , and so

b2ap? = b (b

ab)b
b lwta bp

257127 1y)

b

b2 (b Lap) ™}
2(,2,71y"1

= b~ (b

giving |
ab4 = baa .

5

Hence, as b5 = ] , we obtain ab = b”ab = b(b&a)b = ha ,

Q, Let {an: n=1,2,3,... } be a sequence of real numbers

o0
satisfyizg 0 < a <1 for all n and such that Zlan diverges
while z ai converges. Let f(x) be a function gefined on [0,1]
such thzzl £"(x) exists and is bounded on [0,1]. If E f(an)
converges, prove that El|f(an)[ also converges. o

n=

Solution: Applying the extended mean value theorem to f on the
interval [0,a_], there exists w_ such that 0 < w < a
n n n n
and

2
a

f(an) = £(0) + anf'(O) + -%ﬁf"(wh) .

Lf E f(an) converges, then we must have lim f(an) =0, and s0
n=1 n+®
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by continuity f£(0) = 0 . Next, as [E"(x)] $M, 0 x <1, we have

2 2 2
o [a“f"(w_) o ® 2" f"(w ) @ |a"f"(w )
mﬂm?rmﬂw % z i » 8o that both z ~§mﬁr~3~ and E “'“T{“H“
n=] n=1 n=1 n=1
. s 260
converge. Hemce £'(0) ) a = Z £(a ) - ) ——5— couverges, and
n=] n=1 n=]

80 as X a diverges, we must have f£'(0) = 0 , Thus

o0

azf"(w )
n

Il - 2

n=1 n=1

converges.

03, Let a,b,c be real numbers such that the roots of the cubic

equation
3 2
(93.0) x4+ ax +bx+c=0

are all real, Prove that these roots are bounded above by

(2¢azw3b - a)/3 .

Solution: Let p,q,r be the three real roots of (93.0) chosen so
that pzq2r . Then, as p3 + apz +bp+c=0, we

have

x3 + axz +bx + ¢ (x-p)(x2 + (p+a)x + (p2+ap+b)) .

i

The quadratic polynomial xz + (pra)x + (p2+ap+b) has q and r as
its two real roots, and hence its discriminant is non-negative, that

is
2 2
(93.1) (p+a)” - 4(p“+ap+b) 2 0 .

Solving (93.1) for p we obtain

£
$ (2/a"-3b =~ a)/3 , which completes the proof.
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O, Let Z = {0,1,2,3,4} denote the finite field with 5 ele-

ments. Let a,b,c,d be elements of Z5 with a # 0 , Prove that

the number N of distinct solutions in Z5 of the cubic equation

f(x) = a + bx + cxz + dx3 = 0
is given by N = 4 - R, where R denotes the rank of the matrix

b ¢ d
d

a

a
b

£]
[+ ]

[= 9
v

C

d a b ¢

Solution: Define B to be the Vandermonde matrix

EELINT
2 2% 9P
b 3 3% P
EVCI
so that
T ey Ry 3R
. 2 27 e 27k

£3) 37ty 3% 373E)

RO {C IR0 a"’%(ay

As a # 0, the matrix BA has N zero rows, so that rank BA £ 4-N.
Let

() £ E() 1 f()  rEG)] Gom L)

be the 4-N non-zero rows of BA , where 1 § ry < soo €1 s 4.

4~N
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Clearly
~1 -(3-N)
f(rl) T f(rl) .o T E(rl)
-1 -(3~N)
£(r, _y) réwﬁf(r4~N) v Ty £, 0
-1 -(3-8)
I r R
= f(!’l) L f(r‘{i""N) . . LR ] .
-1 - (3-N)
1 Taen 't Tl
20,

so that the rank of BA is exactly 4-N . Finally, since B 1is

invertible, we have
R = rank A = rank BA = 4-N ,

that is, N = 4 - R ,

05, Prove that

1
(95.0) §= ] —
m,n=1  (m)
(m,n)=1

is a rational number.

Solution: We notice that

oo 2 o o oo

D IR T e T A

r=] r r,s=1 (rs) d=1 r,s=1 (rs)
GCD{r,s)=d

Setting r = dm , s = dn , so that GCD(m,n) = 1 , we obtain
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[ﬁ]z 7Ly
6 d=1 d4 m,n=1 (mn)2
GCD (m,n) =1
that is
ﬂa 4 5

L
N A N

96, Prove that there does not exist a rational function £(x)

with real coefficients such that

2
(96.0) f[;c—-};-l-] p(x) ,

where p(x) 1is a non-constant polynomial with real coefficients.

Solution: Suppose there exists a rational function £(x) and a
non-constant polynomial p(x) (both with real coefficients)
such that (96.0) holds. As £(x) 1is the quotient of two polynomials,

there exist complex numbers a (#0) , a5 5 vee s d, by, e, b

r 3

with ai z bj such that

(96.1) f(x) =

Since p(x) 1is a non-constant polynomial, £(x) can neither be
constant nor a polynomial, and so s 2 1 .
From (96.0) and (96.1), we obtain

2 2
gy (x ~a1x-al)...(x a _x ar)

(96.2) a(x+l) = p(x) .

2 2
(x -blx bl)...(x bﬁx bs)

If s-r <0, xtl divides xz-aix*ai for some 1,1 &isr, and
S0 (-1)2 - ai(-l) -a; = 0 , that is, 1 + a; - a, = 0 , which is

clearly impossible, and thus s 2 r .
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Now let =x~c be a factor of xzwblxmbl , $0 that

2
(96.3) e” - blc - bl 0.

Clearly ¢ = -1 . As the left side of (96.2) is a polynomial, we
must have 7 2 1 and x-c ] xzwaix-ai , for some i, 1 §isr,

that is

2
(96.4) ¢ -ac-a, = 0.

From (96.3) and (96.4) we obtain

CZ
a, ® = = p

1 o+l 1

which 1s a contradiction. Hence no such rational function £(x)

exists.,

97, For n a positive integer, set

E 1
S(n) = e
fn o
k=0 [k]
Prove that '
nt+l Lk
s() = ML 7 2L
2n+1 k=1 k

Solution: For n 2 2, we have

2n+1 2n
P S(n) - §{n~1)
i 2n+1 % “lw i Ei n~1 1
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) 2n+l N 2n nil ( 5 . 1
n+l - n n~1
k=0 \(n+1)[k] n[ . ]
u 2n+1 4 90 nE1 (2%! (n=k) ! - k!(nmk*l)!]
o+l g U (D) n!
ntl n n=l
et b2 Y kit (neke1) { (n=2k-1)
ntl | (o) | ‘ o
=)
2n+1 2n ngl( j
= + k! (n-k)! = (k+1)!{n~k~1)!
¥
1 {n+1)! =0
n+l n
- 2n+1 + (nf_l)!cmns - nto!)
2n+1
TS
and so
n+l 22 n+] 2k
— S() - F s = ]
k=3

which gives the required result as

2

22 +-2—-u
2

2

2
S(l) * "i"

O, Let u{x) be a non-trivial solution of the differential
equation

u" 4+ pu =20,

defined on the interval I = [1,») , where p = p(x) 1is continuous
on I . Prove that u has only finitely many zeros in any interval
[a,b], 1 Sa<b.

(A zero of u(x) is apoint z , 1%z <o, with u(z) = 0).
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Solution: Let S denote the set of zeros of u{x) on the interval
[a,b], 1 §a<b . Wewill assume that § 1is infinite

and derive a contradiction. The Bolzano~Weierstrass theorem implies
that S' has at least oneaccumulation point, say ¢ , in [a,b]. Hence,
there exists either a decreasing or increasing sequence of zeros
‘{xn: n=1,2,3,... } converging to ¢ . As u 1is continuocus we
have ufec) = 0 . Applying the mean value theorem to u on the
intervals with end-points X and X bl (n=1,2,3,...) , there
exists a sequence (yn: n=1,2.73...1 with Yo lying between

X and x and u'(yn) =0 for n=1,2,3,,.. . By the contin-

n+l
uity of u' we see that u'(c) = 0 since the yn's converge to c.

Now define
q=qx) = u? 4 ut? , ¢S§x5b,
Then q(c) = 0 and
q'(x) = 2uu'(1-p)
so that
(98.1) q' € (1~Flp|)(uz-+u'2) $Kq,
where |p| $ K-1 on [c,b]. From (98.1) we deduce that

q(x) s q(c)ek(x*c) , ¢cSxShb.

However q(x) 2 0 so that q(c) = 0 implies that q(x) 20 on
[e,b], that is u(x) 20 on [e,b].
The proof will be completed by showing that u(x) £ 0 on [a,c].
We set
v(x) = u(at+c-x)
and
r(x) = p(atc~x)

for aSxSc. Then v 1is a solution of the differential equation
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v+ v =0

satisfying v(a) = 0, v'(a) = 0 . By the above argument we deduce

that v(x) 0 on [a,c¢], and thus u(x} 20 on [a,c].
This shows that u{(x) 20 on [a,b], for any b > a , and so

u(x) =0 on [1,o), contrary to assumption.

0d, Let Pj (3 = 0,1,2,...,n-1) be n (22) equally spaced
points on a circle of unit radius. Evaluate the sum
S(n) =} |P.Pk|2 ,
0$j<ksn-1 3

where IPQ‘ denotes the distance between the points P and Q.

Solution: Without loss of generality we may take Pj (3=0,1,2,.

o ,n=1)

to be the point exp(2mji/n) on the unit circle |z| =1

in the complex plane. Then, for 0 £ j < k § n-l , we have

[?ij!Z = |exp(2mji/n) - exp(Zﬂki/n}lz
= 2 - exp(2m(k~j)i/n) - exp(=2w{k-j)i/n)

and so
n-2 n-l
Stny = } ¥ (2 - exp(2n(k-j)i/n) - exp(~2W(k=j)i/n))
3=0 kwj+l
n-2 _
-2 ] i) -4 - K,
3=0
where
n-2 n-}
A= 1 1 exp(an(k-j)i/n)
j=0 k=j+1

and An denotes the complex conjugate of An . Now
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A = "Ez exp(21i/n) - exp(2mi(n-j)/n)
1 - exp(2mi/n)

]=0

. (n-1)exp(2mi/n) _ 1
1 - exp(2ri/n) 1 - exp(27i/n) ;

n-2
Y exp(-2mij/n)
=0

_ (n-Dexp(2mi/n) _ 1
1 ~ exp(2ri/n) 1 - exp(~27i/n)

n exp(27i/n)
I - exp(27i/n) °

and 80

A +A =-n.
n n

Hence we obtain

S{n) = 2(:2---1)2 -2 ££;£%§Eﬁll +n

giving

S(n) = nz .

100, Let M be a 3x3 matrix with entries chosen at random from
the finite field Z, = {0,1} . What is the probability that M is

invertible?

Solution: Let M = (aij) , 181,383, sothat

D=det M= allAll + alZAIZ + a13A13 .
where

A A

11 7 22833 T 223%32 0 A1 T 32331 T %21%33 0 A1z T 33123 T g%y
If (A11’A12’A13) = (0,0,0) , the number of corresponding triples
(all’aiz’aIB) such that D =0 is 8 . For each triple
(All’AIZ’A13) #z (0,0,0) , the number of corresponding triples

(all’aLZ’a13) with D=0 is 4 . Hence the number N of matrices
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M with D=0 is
(100.1) N = 8n + 4(64-n) = 4n + 256 ,

where n 1is the number of sextuples (a ) with

Ajp A= 43*0.

If a

21°3220293033103320343

= a,, » 0 there are 8 triples (a

a310339>345)

21°392°%3) * (0,0,0),

12 =830

21 ~ %22 T 233

with A,. =A , =A ., =0 . For each triple (a

11 12 13
there are 2 triples (a31,332,a33) with A11 = A

Hence we have
n = IX§ & 7x2 = 22 ,
and so N = 344 ,
The required probability is

512 - 344 _ 168 |
577 - 513 - 0328 .
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ATOMIC SPECTRA AND ATOMIC STRUCTURE, Gerhard Herzberg. One of
best introductions; especially for specialist in other fields. Treatment is physical
rather than mathematical. 80 illustrations. 257pp. 5% x 84, 60115-3 Pa, $6.95

APPLIED COMPLEX VARIABLES, John W. Dettman. Step-by-step coverage of
fundamenutals of analytic function theory—plus lucid exposition of five important
applications: Potential Theory; Ordinary Differential Equations; Fourier Trans-

forms; Laplace Transforms; Asymptotic Expansions. 66 figures. Exercises at
chapter ends. 512pp. 5% x 84 64670-X Pa. §12.95

ULTRASONICABSORPTION: An Introduction to the Theory of Sound Absorp-
tion and Dispersion in Gases, Liquids and Solids, A.B. Bhatia. Standard reference
in the field provides a clear, systematically organized introductory review of

fundamental concepts for advanced graduate students, research workers. Numerous
diagrams. Bibliography. 440pp. 5% x 8% 64917-2 Pa. $11.95

UNBOUNDED LINEAR OPERATORS: Theory and Applications, Seymour
Goldberg. Classic presents systematic treatment of the theory of unbounded linear
operators 1n normed linear spaces with applications to differential equations.
Bibliography. 199pp. 5% x 84, 64830-3 Pa. $7.95

LIGHT SCATTERING BY SMALL PARTICLES, H.C. van de Hulst. Compre-
hensive treatment including full range of useful approximauon methods for

researchers in chemistry, meteorology and astronomy. 44 illustrations, 470pp.
5% x BY. 64228-3 Pa. $11.95

CONFORMAL MAPPING ON RIEMANN SURFACES, Harvey Cohn. Lucd,
insightful book presents ideal coverage of subject. 334 exercises make book perfect
for self-study. 55 figures. 352pp. % x 8. 64025-6 Pa. $11.95

OPTICKS, Sir Isaac Newton. Newton's own experiments with spectroscopy,
colors, lenses, reflection, refraction, etc., in language the layman can follow.
Foreword by Albert Einstein. 532pp. 5% x 8% 60205-2 Pa, $11.95

GENERALIZED INTEGRAL TRANSFORMATIONS, A.H. Zemanian. Gradu-
ate-level study of recent generahizations of the Laplace, Mellin, Hankel, K.

Weierstrass, convolution and other simple transformations. Bibliography. 320pp.
5% x 8%, 65375-7 Pa. $8.95
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SPECIAL FUNCTIONS, N.N. Lebedev. Translated by Richard Silverman. Fa-
mous Russian work treating more important special functions, with applications

to specific problems of physics and engineering. 38 figures. 308pp. 5% x 8.
60624-4 Pa. $9.95

OBSERVATIONAL ASTRONOMY FOR AMATEURS, J.B. Sidgwick. Mine of
useful data for observation of sun, moon, planets, asteroids, aurorae, meteors,
comets, variables, binaries, etc. 39 illustrations. 384pp. 5% x 84. (Available in U.S,
only) 24033-9 Pa, $8.95

INTEGRAL EQUATIONS, F.G. Tricomi. Authoritative, well-written treatment
of extremely useful mathematical tool with wide applications. Volterra Equations,
Fredholm Equations, much more. Advanced undergraduate to graduate level.
Exercises. Bibliography. 238pp. b% x 8}, 64828-1 Pa. $8.95

POPULAR LECTURES ON MATHEMATICAL LOGIC, Hao Wang. Noted
logician’s lucid treatment of historical developments, set theory, model theory,

recursion theory and constructivism, proof theory, more. 3 appendixes. Bibli-
ography. 1981 edition. ix + 283pp. 5% x 8. 67632-3 Pa. $8.95

MODERN NONLINEAR EQUATIONS, Thomas L. Saaty. Emphasizes practical
solution of problems; covers seven types of equations. . . . a welcome contribution
to the existing literature. . . .""—Math Reviews. 490pp. 5% x 8%. 64232-1 Pa. $11.95

FUNDAMENTALS OF ASTRODYNAMICS, Roger Bate et al. Modern approach
developed by U.S, Air Force Academy. Designed as a first course, Problems,
exercises, Numerous illustrations. 455pp. h% x 8%. 60061-0 Pa. $9.95

INTRODUCTION TO LINEAR ALGEBRA AND DIFFERENTIAL EQUA-
TIONS, John W. Dettman. Excellent text covers complex numbers, determinants,
orthonormal bases, Laplace transforms, much more. Exercises with solutions,
Undergraduate level. 416pp. b% x 8%. 65191-6 Pa. $10.95

INCOMPRESSIBLE AERODYNAMICS, edited by Bryan Thwaites, Covers theo-
retical and experimental treatment of the uniform flow of air and viscous fluids past
two-dimensional aerofoils and three-dimensional wings; many other topics. 654pp.
5% x 8%, 65465-6 Pa. §16.95

INTRODUCTION TO DIFFERENCE EQUATIONS, Samuel Goldberg. Excep-
tionaily clear exposition of important discipline with applications to sociology,

psychology, economics. Many illustrative examples; over 250 problems. 260pp.
% x 8. 65084-7 Pa. $8.95

LAMINAR BOUNDARY LAYERS, edited by L. Rosenhead. Engineering classic
covers steady boundary layers in two- and three-dimensional flow, unsteady
boundary layers, stability, observational techniques, much more. 708pp. 5% x 8%,

65646-2 Pa. $18.95

LECTURES ON CLASSICAL DIFFERENTIAL GEOMETRY, Second Edition,
Dirk J. Struik. Excellent brief introduction covers curves, theory of surfaces,

fundamental equations, geometry on a surface, conformal mapping, other topics.
Problems. 240pp. 5% x 8% 65609-8 Pa. $8.95
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CHALLENGING MATHEMATICAL PROBLEMS WITH ELEMENTARY

SOLUTIONS, A M. Yaglom and I.M. Yaglom. Over 170 challenging problems on

probability theory, combinatorial analysis, points and lines, topology, convex
polygons, many other topics. Solutions. Total of 445pp. 5% x 8% Two-vol. set.

Vol. 165536-9 Pa. $7.95

Vol. 11 65653377 Pa. $7.95

FIFTY CHALLENGING PROBLEMS IN PROBABILITY WITH SOLU-
TIONS, Frederick Mosteller. Remarkable puzzlers, graded in difficulty, illustrate

elementary and advanced aspects of probability. Detailed solutions, 88pp. 5% x 8%4.
65355-2 Pa. $4.95

EXPERIMENTS IN TOPOILOGY, Stephen Barr. Classic, lively explanation of
one of the byways of mathematics. Klein bottles, Moebius strips, projective planes,
map coloring, problem of the Koenigsberg bridges, much more, described with
clarity and wit. 43 figures. 210pp. 5% x 8% 25933-1 Pa. $6.95

RELATIVITY IN ILLUSTRATIONS, Jacob T. Schwartz. Clear nontechnical
treatment makes relativity more accessible than ever before. Over 60 drawings

illustrate concepts more clearly than text alone. Only high school geometry needed.
Bibliography. 128pp. 6% x 9%. 25965-X Pa. $7.95

AN INTRODUCTION TO ORDINARY DIFFERENTIAL EQUATIONS, Earl
A. Coddington. A thorough and systematic first course in elementary differential
equations for undergraduates in mathematics and science, with many exercises and
problems (with answers). Index. 304pp. 5% x 84, 65942-9 Pa. $8.95

FOURIER SERIES AND ORTHOGONAL FUNCTIONS, Harry F. Davis. An
incisive text combining theory and practical example to introduce Fourier series,
orthogonal functions and applications of the Fourier method 1o boundary-value
problems. 570 exercises. Answers and notes. 416pp. 5% x 8% 65973-9 Pa. $11.95

AN INTRODUCTION TO ALGEBRAIC STRUCTURES, Joseph Landin.
Superb self-contained text covers “abstract algebra’’; sets and numbers, theory of
groups, theory of rings, much more. Numerous well-chosen examples, exercises.
247pp. 5% x Bk 65940-2 Pa. $8.95

Prices subject o change without notice,
Available at your book dealer or write for free Mathematics and Science Catalog to Dept. G,
Dover Publications, Inc., 31 East 2nd St., Mineola, N.Y. 11501. Dover publishes more than 175
hooks each year on science, elementary and advanced mathematics, biology, music, art,
literature, history, social sciences and other areas.



